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Abstract. Characteristic subgroups of an /-group are those convex /-subgroups that

are fixed by each /-automorphism. Certain sublattices of the lattice of all convex /-

subgroups determine characteristic subgroups which we call socles. Various socles

of an /-group are constructed and this construction leads to some structure theorems.

The concept of a shifting subgroup is introduced and yields results relating the

structure of an /-group to that of the lattice of characteristic subgroups. Interesting

results are obtained when the /-group is characteristically simple. We investigate the

characteristic subgroups of the vector lattice of real-valued functions on a root system

and determine those vector lattices in which every /-ideal is characteristic. The auto-

morphism group of the vector lattice of all continuous real-valued functions (almost

finite real-valued functions) on a topological space (a Stone space) is shown to be a

splitting extension of the polar preserving automorphisms by the ring automorphisms.

This result allows us to construct characteristically simple vector lattices. We show

that self-injective vector lattices exist and that an archimedean self-injective vector

lattice is characteristically simple. It is proven that each /-group can be embedded as an

/-subgroup of an algebraically simple /-group. In addition, we prove that each

representable (abelian) /-group can be embedded as an /-subgroup of a characteristic-

ally simple representable (abelian) /-group.

1. Introduction. A convex /-subgroup C of an /-group G is called characteristic

if Ct = C for each /-automorphism t of G. In this paper we investigate the character-

istic subgroups of G and in the process construct various characteristically simple

/-groups.

Let ^(G), ¿¿(G) and Jf(G) be the lattices of all convex /-subgroups, /-ideals, and

characteristic subgroups of G, respectively. Each lattice determines a socle for G—

namely the cardinal sum of all the atoms. Each of these socles is a characteristic

subgroup of G. Here the fact that complements of cardinal summands in an /-group

are unique enables one to obtain much more theory than one gets for groups or
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abelian groups. In §2 we give a construction that produces all of the above socles

and more. This leads to various structure theorems for G. For example, for an

/-group G (representable /-group G) the following are equivalent:

(a) G is characteristically simple and contains a minimal /-ideal.

(b) G is a cardinal sum of /-isomorphic simple /-groups (simple o-groups).

(c) G is characteristically simple and completely reducible.

An element Cec€(G) is called shifting if Cr=C or Ct n C = 0 for each /-

automorphism t of G. In particular, each characteristic subgroup is shifting and,

if C e ^(G) is minimal with respect to being a convex /-subgroup, /-ideal, polar,

lex-subgroup, or a cardinal summand, then C is an j-subgroup. This concept allows

us to identify characteristically simple /-groups. In fact, a characteristically simple

/-group G is a cardinal sum of /-isomorphic i-simple i-subgroups. Moreover, these

summands together with G and 0 are all the ¿-subgroups of G. Thus if G is

characteristically simple, then each s-subgroup is a cardinal summand, and we say

that G is completely s-reducible. In Theorem 3.23 we derive eight conditions each of

which is equivalent to G being completely j-reducible—for example, ¿f(G) is a

complete Boolean algebra; each characteristic subgroup is a cardinal summand;

G is a cardinal sum of j-simple s-subgroups.

In §4 we investigate characteristically simple /-groups. In order to identify such

groups one needs to know something about the group A(G) of all /-automorphisms

of G. In §6 we investigate A(G) when G=C(X), the vector lattice of all continuous

real-valued functions on a topological space A'or G= D(X), the vector lattice of all

almost finite real-valued functions on a Stone space X. In either case A(G) is a

splitting extension of the polar preserving automorphisms of G by the ring auto-

morphisms of G and this result allows us to construct characteristically simple

vector lattices.

One of the main results about abelian /-groups asserts that each such group can be

embedded in a vector lattice V= V(A, RK) of real-valued functions. In §5 we

investigate the characteristic subgroups of V. We also determine those F's for which

every /-ideal is characteristic.

It is known that the category of vector lattices does not admit any injectives. In

§7 we show that self-injectives do exist and that an archimedean self-injective vector

lattice is characteristically simple. We also take a look at the relationship between

hyper-archimedean and self-injective vector lattices.

In §8 we prove that each /-group G can be embedded in an algebraically simple

/-group and hence in a characteristically simple /-group. Moreover we show that

each representable (abelian) /-group can be embedded in a representable (abelian)

characteristically simple /-group. The last section consists of examples that show

the extent as well as the limitations of our theory.

2. The socles of an /-group. We will denote by A(G) the group of /-auto-

morphisms of the /-group G. A convex /-subgroup C of G is said to be characteristic
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if Ct = C for each t e A(G). G is characteristically simple if the only characteristic

subgroups of G are G and 0, and G is simple if G and 0 are the only /-ideals of G. If

{GÂ | A 6 A} is a collection of /-groups, then 2 G\ (Il GO denotes the cardinal sum

(cardinal product) of the /-groups GA. In case A = {1, 2,..., «}, we will write

Gx EB G2 EB ■ ■ • EE Gn instead of 2 GA. If F is a subset of G, then [F] denotes the

subgroup of G that is generated by F and F' denotes the polar of F, that is T' =

{x e G | |jc| A |/| =0 for all t eT}. G is said to be representable if there is an /-

isomorphism of G into a cardinal product of totally ordered groups. It is well

known that an /-group G is representable if and only if each (principal) polar of G

is an /-ideal. Throughout this paper #(G) (-SP(G), Ct(G)) will denote the lattice of all

convex /-subgroups (/-ideals, characteristic subgroups) of G.

Let St" be a property possessed by certain convex /-subgroups of G; for example,

the property of being normal, characteristic, a polar, etc. Let £f(G) denote the

collection of all convex /-subgroups with property Sf. An element of ^(G) will be

called an Sf-subgroup. If £?(G) consists only of G and 0, then we shall say that G is

Sf-simple. For the remainder of this section we suppose that £r°(G) is a complete

sublattice of ^(G) containing G and 0 and such that

(i) If C e ^(G), then C" e SP(G).

(ii) If G = A S Ti and C e Sf(G), then CnAe £P(A).

(iii) If G = A ES T7 and A is an atom in £f(G), then A is ^-simple.

Let {Ci \iel} be the set of all atoms in Sf(G). Then C¡ n C,=0 for i^j, and

hence \/ Ci = 2C(, and, of course, VQe ^(G). We shall call V Q the Sf-socle of G.

Proposition 2.1. 'g'(G), =S?(G), a«tf* Jf(G) are complete sublattices of ^(G)

containing G and 0 and satisfying conditions (i), (ii), and (iii) above. Moreover

(a) Each atom in ^(G) is an archimedean o-group and hence o-isomorphic to a

subgroup of the reals.

(b) Each atom in Crif'G) is a characteristically simple l-group.

(c) If A is an atom in 3?(G) and a cardinal summand of G, then A is a simple l-

group. If, in addition, G is representable, then each atom in 3?(G) is an o-group.

Proof. Clearly V(G) and SC(G) satisfy (i), (ii), and (iii). If C e Jf(G) and r e A(G),

then C't = (Ct)' = C and hence (i) is satisfied. Suppose that G = A EB T7, let

C e c€(G), and let a be an /-automorphism of A. Let t be the extension of a to G

such that t induces the identity on B. Then (A n C)a = (A n C)t = At n Ct =

Ac\C. Thus A n C e Jf(A) and hence (ii) is satisfied. Since each atom in Jf(G) is

characteristically simple, (iii) is satisfied.

(a), (b), and the first part of (c) are clear. Suppose that G is representable and let

A be an atom in -S?(G). If 0 < a e A, then a' is an /-ideal and a <£ a'. Thus A n a' =0.

It follows that A contains no pair of disjoint elements and is therefore an o-group.

Theorem 2.2. For an l-group G, the following are equivalent:

(a) Each C e £^(G) is a cardinal summand.

(b) G is the SP-socle ofG.
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(c) G is a cardinal sum of ¿f-simple l-groups.

(d) G is a join of atoms from ¡f(G).

(e) ¿f(G) is a complete, atomic, Boolean algebra.

(f) ¿f(G) is a Boolean algebra.

Proof, (a) implies (b). Suppose (by way of contradiction) that G j=S where S

denotes the ^-socle of G. Let a e G\S and let F be maximal in £f(G) with respect to

SçFand a$ T; and let R be the intersection of all members of £f(G) that properly

contain F. Then R e £f(G). Now G = TW\ K and so R = (R n T) ffl (R n K) =

F EB (R n K). Clearly (R n K) must be an atom in ¿f(G), but this implies that

R n K^S^T, a contradiction. Thus S=G.

(b) implies (c). This is an immediate consequence of (iii).

(c) implies (d). Suppose that G = ~ZG¿ (As A), where each GA is an ^-simple

/-group. If Fe Se(G), then F=2 (GA n T) (A e A). By (ii), GKnTe £f(GÁ) and,

since GA is ^-simple, we have for each A e A that GA n T= 0 or GA n T= GA. Let

A0 e A and let FAo be the ^-subgroup of G generated by GAo. Then FAo = 2 G6

(8 e As A). We prove that FAo is an atom in £f(G). Suppose (by way of contra-

diction) that CeSf(G) and 0#CcFAo. Then C=2 Gv (y e T, TçA) and A0 $ Y.

By (i) C' = 2 Ga (Ae A\r) e Sf(G), and so TXo^C. From this we conclude that

C<=- C, which is a contradiction since C/0. Thus FAo is an atom in ¡f(G). It follows

that G is the join of atoms in £f(G).

(d) implies (e). If St and S} are distinct atoms in £f(G), then 5¡ n S, = 0 and so

G = 2SiUe J)> where i5/ I / e J)is the set of all atoms in ^(G). If Te S?(G), then

7=2 (-S'y n F) (7 e/) and S, n F=0 or S¡ n T=S¡. Thus ^(G) is isomorphic to

the set of all subsets of J.

The implications (e) implies (f) and (f) implies (a) are trivial.

Note that we do not assume that the summands of part (c) of Theorem 2.2 are

elements of £r°(G) (see Example 9.2). We leave it to the reader to formulate the

special cases of the theorem when ^(G)=^(G), &(G), or 3f(G). Note that the

atoms in each of these three cases are described in Proposition 2.1.

An /-group G is said to be completely reducible if each /-ideal of G is a cardinal

summand. Thus we have shown that G is completely reducible if and only if G is a

cardinal sum of simple /-groups. If this is the case, then G is abelian if and only if

<if(G) = SC(G). An abelian /-group is completely reducible if and only if it is a

cardinal sum of subgroups of the reals. A representable /-group is completely

reducible if and only if it is a cardinal sum of simple o-groups. These facts are, of

course, immediate consequences of Proposition 2.1 and Theorem 2.2.

Corollary 2.3. For an l-group G, the following are equivalent:

(a) G is characteristically simple and ^(G) contains an atom.

(b) G is a cardinal sum of o-isomorphic archimedean o-groups.

(c) G is characteristically simple and each convex l-subgroup of G is a cardinal

summand.
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Proof, (a) implies (b). Let y(G) = (€(G). If S is the ^-socle of G, then S^O and

is a characteristic subgroup of G. Hence G=S=2 St, where {St \ i e 1} is the set of

atoms of ^(G). By Proposition 2.1, each S¡ is an archimedean o-group and, since

G is characteristically simple, S¡ is o-isomorphic to Sj for i, j e I.

The implications (b) implies (c) and (c) implies (a) follow from the theorem.

Corollary 2.4. For an l-group G (representable l-group G) the following are

equivalent :

(a) G kl characteristically simple and contains a minimal l-ideal.

(b) G is a cardinal sum of l-isomorphic simple l-groups (simple o-groups).

(c) G is characteristically simple and completely reducible.

Proof. Let y(G) = SC(G) and proceed as in Corollary 2.3.

Corollary 2.5. For an l-group G, the following are equivalent:

(a) G is characteristically simple and contains an atom.

(b) G is a cardinal sum of cyclic o-groups.

Proof, (a) implies (b). If 0 < x is an atom in G, then [x] is an atom in ^(G) and

hence, by Corollary 2.3, G = J,S,, where the S,s are o-isomorphic archimedean

o-groups, and clearly one of them is [jc].

The implication (b) implies (a) is trivial.

Theorem 2.6. If there exists a set of maximal ^-subgroups of G which are polars

and whose intersection is zero, then there exists an l-isomorphism rofG such that

Zg^Gt^YJg*
where each GA is an atom in Sf(G). In particular, 2 GA is the y-socle ofG.

Proof. Suppose that M=M" is a maximal ^-subgroup. Then M'jtO and

Mc MBM'e y(G). Since M is maximal in Sf(G), we conclude that G=M EB M'.

Now let {GA | A e A} be a collection of maximal ^-subgroups such that G* = (G*)"

and f| G»=0. For each A e A, G=GA EB GA where clearly GÄ is an atom in £f(G).

Each geG has a unique representation of the form g = gx+gÁ, where gA e GA and

gK e G\ Then the mapping t given by g -> gr = (..., g¿,... ) is an /-isomorphism

of G into n GA. If a and ß are distinct members of A, then GsnGs = 0 since Ga

and Ge are distinct atoms in Sf(G). Let geGa and A e A (A#a). Then Ga t~\ GA = 0

implies that Ga^G'K = Gx. Thus g=gK+gx = Q+g. Therefore 2 G>S(?t.

We give a method for producing other ^-socles for an /-group G. Let S be a

function that assigns to each subgroup C of G a subgroup S(C) of A(C) such that

(a) If G=C EB D and a e S(C), then a can be extended to an element of S(G)

that is the identity on D.

(b) If G=C EB T)and Ct = C for some r e S(G), then r\Ce S(C).

Proposition 2.7. Let S be defined as above and let S?(G)={C e ^(G) \ Ct = Cfor

each t e S(G)}. Then ¿f(G) is a complete sublattice of ^(G) that contains G and 0
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and satisfies (i), (ii), and (iii). Moreover, if Sx and S2 satisfy (a) and (b) above and if

¡PX(G) = {Ce V(G) | Cr = Cfor each r e S¡(G)} (i=l, 2), then #¡(G) n Sf2(G) satisfies

the conclusions of the proposition.

Proof. Note that JT(G)Ç^(G), hence G and 0 are elements of £f(G). If

{Ci | ieI}^Sr°(G) and t e S(G), then (V Q)t = V (Qr) = V C, and (A Qt =
A (ciT) = A Q- Therefore Sf(G) is a complete sublattice of(€(G).

If Ce Sf(G), then Ct=C for all r e S(G) and so C"t=(Ct)' = C for all t e S(G)

and hence C e if(G). Let G = A m B,Ce ¿f(G), and a e S(^). Then, by (a), a can

be extended to an element r e S(G) that is the identity on B. Thus (Co A)a =

(C n A)t = Ct n At = C n A. Therefore Cn Ae Sr°(A). Suppose that G = A H B

and that A is an atom in Sf(G). Let 0 ̂  D e £f(A) and t e S(G). Then a = T| ̂  e £(,4)

and so Dt=(D n A)t=(D n A)a = Da n Aa = D n A = D. Thus Z) e ^(G) and it

follows that D = A. Therefore A is y-simple.

Clearly ¿^(G) n £f2(G) is a complete sublattice of ^(G) containing 0 and G and

satisfying (i), (ii), and (iii).

Note that if S(G) = A(G), then £^(G) = 3f(G); if S(G) = 1(G), the group of inner

automorphisms of G, then Sf(G) = -S?(G) ; and if S(G) consists only of the identity

of A(G), then y(G)=^(G). Another example of 5(G) that satisfies (a) and (b) is

P(G) = {a e A(G) | x A v = 0 implies x A ya = 0 for all x, y e G}.

This is the group of polar preserving automorphisms of G which we will investigate

at some length in §6.

In the following proposition, we use the notation established above.

Proposition 2.8. IfS(G)=P(G), then the following are equivalent:

(1) G is the Se-socle of G.

(2) G is the cardinal sum of characteristically simple o-groups.

(3) Sf(G) consists of polars.

(4) ¿f(G) is a complete, atomic, Boolean algebra.

Proof. (1) implies (2). G = ^Gi(ie I) where each G¡ is an atom in £f(G). Thus

each atom is a polar and hence a minimal polar, but a minimal polar in an /-group

is an o-group. Thus each G¡ is an o-group. Each characteristic subgroup of G¡

belongs to £f(G) and so G¡ is characteristically simple.

(2) implies (3). If H is an o-group, then P(H) = A(H). Thus a characteristically

simple o-group is ^-simple. By Theorem 2.2, each Cin £f(G) is a cardinal summand

and hence a polar.

(3) implies (4). £f(G) is the set of all polars and also a complete sublattice of

^(G). But the collection of polars is a Boolean algebra, and hence, by Theorem 2.2,

¿f(G) is a complete, atomic, Boolean algebra.

(4) implies (1). This is immediate from Theorem 2.2.

Note that if (1) through (4) hold, then each polar of G is a cardinal summand and

so the polars form a sublattice of St?(G). The following example shows that this
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condition does not, in general, imply that the polars form a complete sublattice of

ü?(G). Let G = n GA (A e A), where A is an infinite set and each GA is a nonzero

o-group. For each A e A, let

CA = {geG|gy = 0fory^ A}.

Then V CA = 2 GA and is not a polar, and so the polars do not form a complete

sublattice of ££(G). Consider a polar F and let

A = {A e A | the projection of F into GA is not zero}.

Then T^{g e G | gh = 0 for all A e A\A} = (\/ CO" (8 e A). If 0 < t e T with /„ > 0,

then 8 e A, and since Fis convex, g = (..., 0, tó, 0,...) belongs to F. Thus C6=g"^T,

hence F2 V Cs and so F=F"2(\/ Cô)". Therefore Fis a cardinal summand of G.

Proposition 2.9. (1) If S(G) is a normal subgroup of A(G), then each ¡-auto-

morphism of G permutes the elements in £f(G), and, in particular, the Sf -socle is

characteristic.

(2) If each l-automorphism of G permutes the elements in S^(G), then S(G) and the

normal subgroup of A(G) that is generated by S(G) determine the same £f(G).

Proof. (1) Let t s A(G) and C e Sf(G). If a e S(G), then tot-1 e 5(G) and so

Crar-^C. Therefore Cto=Ct for all a e 5(G) and so Ct e Sf(G).

(2) If a e 5(G), t £ A(G), and Ce £r°(G), then CraT'1 = Ctt'1 = C since Ct e Sf(G)

by our hypothesis. Thus each conjugate of an element in S(G) fixes each element of

£f(G) and the desired conclusion follows.

Remarks. (1) For all of our examples S(G) is normal in A(G).

(2) If S(G) = {aeA(G) \ G(g)a = G(g) for all g e G}, the group of generalized

contractors, then £f(G) = <£(G) and each subgroup of 5(G) gives the same ¿f(G).

We conclude this section with a construction that is essentially given in [19] and

will yield a dual Galois correspondence between certain characteristic subgroups of

an /-group G and the normal subgroups of A(G).

If 77 is a subgroup of G, let

T7ju = {t e A(G) | -x + XT e H for all x e G},

and if AT is a subgroup of A(G), let

Kv = [{-x + XT | xeGand t e K}],

and let Kp be the convex /-subgroup of G generated by Kv. The verification of the

next four propositions are similar to those given in [19] and will be omitted.

2.10. TT/Li is a subgroup of A(G).

2.11. Kp is an l-ideal of G.

2.12. If K is a normal subgroup of A(G), then Kp is a characteristic subgroup ofG.

2.13. If H is a characteristic subgroup of G, then Hp, is a normal subgroup of

A(G).
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Note that for any subgroup K of A(G), Kpp^K and, for any convex /-subgroup

H of G, Hpp^H. It follows that Kppp = Kp and Hppp = Hp. Thus we have the

following theorem.

Theorem 2.14. There is a one-to-one correspondence between the characteristic

subgroups of G of the form Kp and the normal subgroups of A(G) of the form H p.

3. Shifting subgroups. A convex /-subgroup C of G is called a shifting subgroup

(¿-subgroup) if for each t e A(G) either Ct= C or Cr n C = 0. G is said to be ¿-

simple if G and 0 are the only ¿-subgroups of G. G is completely s-reducible if each

¿-subgroup of G is a cardinal summand. Clearly any characteristic subgroup is an

¿-subgroup. In addition, if C s 'if (G) and Cis minimal with respect to being a convex

/-subgroup, /-ideal, polar, lex-subgroup (defined in §4), or cardinal summand, then

C is an ¿-subgroup.

We list below several assertions concerning ¿-subgroups, most of which are

easily proven.

3.1. If C is an ¿-subgroup of G and if r e A(G), then Cr is an ¿-subgroup of G.

3.2. If D is an ¿-subgroup of C and C is an ¿-subgroup of G, then D is an ¿-

subgroup of G.

3.3. If C is an ¿-subgroup of G, then so is C".

3.4. If G = A EE B and C is an ¿-subgroup of G, then C n A is an ¿-subgroup of A.

Thus the set 2(G) of all ¿-subgroups of G satisfies (ii) and (iii) of our definition of

9>(G).
3.5. The intersection of an arbitrary collection of ¿-subgroups of G is an ¿-

subgroup. Thus S>(G) is a complete lattice with respect to inclusion. In general

3¡(G) is neither modular nor a sublattice of ^(G).

3.6. If C is a nonzero characteristic subgroup of G and if D is an ¿-subgroup of G

containing C, then D is characteristic. Thus the collection of nonzero characteristic

subgroups of G is a dual ideal of the lattice 2(G).

3.7. If C is an ¿-subgroup of G, then \J {Ct | re A(G)} = ~^ Ctx (ieI) where

{t¡ I / e /} is a system of representatives of the cosets of that subgroup of A(G)

consisting of those /-automorphisms that fix C.

3.8. If G is simple, then G is ¿-simple. If G is ¿-simple, then G is characteristically

simple.

Proof. If C is a nonzero ¿-subgroup of a simple /-group G, then \/ {Cr \ r e A(G)}

is a characteristic subgroup of G. Thus G = 2 Ct, (as in 3.7) and so C is a cardinal

summand of G. Therefore C is normal in G and so C=G. The second assertion is

clear.

3.9. A characteristically simple o-group is ¿-simple and conversely.

3.10. If G is completely reducible and ¿-simple, then G is simple.

Proof. Suppose (by way of contradiction) that A is a proper /-ideal of G and

choose g e G\A. Let M be an /-ideal that is maximal with respect to A<=,M and

g <£ M, and let K be the intersection of all /-ideals of G that properly contain M.
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Now G = M EB F and so K= M EB (K n L). Clearly Kr\L is a minimal /-ideal of G

and hence an s-subgroup. From this we conclude that G is simple.

3.11. If G is completely reducible, then G is completely s-reducible.

Proof. Let C be a proper s-subgroup of G. Then TC= V {Ct | t e A(G)} = 2 Ct,

is an /-ideal of G and hence G = K EE D. Thus C is a cardinal summand of G.

3.12. A prime s-subgroup C is either characteristic or totally ordered. (M e ^(G)

is prime if a, be G + \M implies a A b > 0.)

Proof. If t e A(G) and CnCT = 0, then CtÇ C and so (see [11, Theorem 2.1])

C is totally ordered.

An element C of <£(G) is said to be closed if for each subset {gt \ ie 1} of C for

which g=\/ gi(ie I) exists in G, it follows that g e C. In particular, each polar is

closed. Also if D e ^(G), then the intersection of all closed subgroups of G con-

taining D is closed, and is called the closure of D.

3.13. The closure of an s-subgroup (characteristic subgroup) is an s-subgroup

(characteristic subgroup).

Proof. Let C be an s-subgroup and let D be the closure of C. Then D+ =

{g e G | g= V gi for some subset {g¡ | i e 1} of C + } [7, Lemma 3.2]. Suppose that

t e A(G)issuchthat D r\ DT^0.lf0<d e D n Dt, then there exists {c¡ | /'eT}çC +

and {</, |/e/}^C+ such that d=\f c, (iel) and d=\/(d¡T) (jej). Thus

0<d=dAd=\f (cj A a» (/ e 7, / e J). Clearly then Cnd^O, for otherwise a"= 0.

Thus C=Cr and so 7> = 7>t.

Theorem 3.14. If G is a characteristically simple l-group, then G = 2 CA (A e A)

where the C¿s are l-isomorphic, s-simple s-subgroups of G. Thus the proper s-sub-

groups are trivially ordered and consist of{Cx | A £ A} ;/1 A| ^2.

Proof. If G is s-simple, the theorem holds. Otherwise, let C be a proper s-

subgroup of G. Since V {Ct \ t e A(G)} is a characteristic subgroup of G, G = 2 Ct,

where {t¡ | i e 1} is a subset of A(G). Suppose (by way of contradiction) that K is

a proper s-subgroup of G that properly contains C. Ifiel and if Ct, n A# 0, then

Ktí n K^O and so K=Kt,, whence Ct^K. Now

K = 2 (Tí n Cr¡) (/ e T)

= 2(^nCrJ) = 2Cr, (je/S 7)

where/={/eT| Ct¡ n TC^O}. Since C^K^G, we have |/| ^ 2 and/c/. Let je .7

and / £ 1\J. Then the transposition (/,/) induces an /-automorphism r of G such that

0#TC n Kt^K, contradicting the assumption that TCis an s-subgroup of G.

The above argument shows that the proper s-subgroups of G are trivially

ordered. Thus, because of 3.2, we have that each proper s-subgroup is s-simple. All

of the conclusions of the theorem then follow.

Corollary 3.15. A characteristically simple l-group which is cardinally in-

decomposable is s-simple.

Corollary 3.16. If G is characteristically simple, then G is completely s-reducible.
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Corollary 3.17. If C and D are proper s-subgroups of G with C^D, then G is not

characteristically simple. In fact, V (Ct | te A(G)} is a proper characteristic subgroup

ofG.

Corollary 3.18. If G is characteristically simple and contains a nonzero abelian

s-subgroup C, then G = 2 CA, where the CA'¿ are l-isomorphic, abelian, s-simple

l-groups. In particular, G is abelian.

Theorem 3.19. Suppose the collection {CA | A s A} of all proper s-subgroups of G

is trivially ordered and that |A|^2. Then either G is characteristically simple or

G = C El D, where C and D are s-simple characteristic subgroups of G that are not

l-isomorphic, and I AI =2.

Proof. For y, A e A (y± A), Cy n CA = 0. Hence V {Cx | A e A} = £ CA (A e A).

Moreover, 2 CA is a characteristic subgroup of G. Since | A| ^ 2 and {CA | A e A} is

trivially ordered, we have that G = 2 CA. Suppose that Ce{CÁ | AeA} is not

characteristic. Then G = 2 Gt¡ where {t¡ [ i e I}^A(G), and it follows that there is a

one-to-one correspondence/between /and A such that Cri=C1/. Since Crt is not

characteristic for each i e I, it follows that G is characteristically simple.

If some C in {CA | A e A} is characteristic, then from the above each CA (A e A) is

characteristic. Since {CA | A e A} is trivially ordered, {CA | A e A} = {C, D} where C

and D are ¿-simple /-groups that are not /-isomorphic and G=C El D.

Theorem 3.20. For each A in an indexing set A, let GA be a completely s-reducible

l-group. Then G = 2 GA (A e A) is completely s-reducible.

Proof. Let C be a nonzero ¿-subgroup of G and let T={A e A | GA n C^O}. For

each y e T, C n Gy is an ¿-subgroup of Gy, since each element of A(Gy) can be

extended to an element of A(G). Therefore G7 = (C n Gy) El Dy for some /-ideal Dy

of Gy. Thus

G =    2    G^2 Gy
UeA\r> (ver)

= 2 ga œ 2 «c n G*)ffl ^) = 2 G* s 2 ^ ffl c-
(AeA\n (yen AeA\r yer

Thus C is a cardinal summand of G and hence G is completely ¿-reducible.

Theorem 3.21. Let H be a characteristically simple l-group and, for each A s A,

let HK = H. Then G = 2 HA (AeA) is characteristically simple. If H is s-simple and

G is not s-simple, then {//A | A e A} is the collection of proper s-subgroups of G. If

| A | > 1 and H is simple, then each HA is an s-subgroup of G and hence G is not

s-simple.

Proof. If A' is a nonzero characteristic subgroup of G, then K n //A ̂  0 for some

AeA. Since K n //A is a characteristic subgroup of //A, we have that Kn HK = //A.

For any y e A, there exists r e A(G) such that HKr = Hy. Thus Hy^K for all y e A

and so G = A^.
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Next suppose that H is ¿-simple and that C is a proper ¿-subgroup of G. Then

Co //A#0 for some AeA and since C n HÁ is an ¿-subgroup of HA, we have

that C n HÁ = HK. C can have a nontrivial intersection with only one HA, for

otherwise there exists an /-automorphism t of G such that O/Ct n C+C. Thus

C=HK. Since each permutation of A induces an /-automorphism of G, it follows

that {HK | A e A} is the collection of proper ¿-subgroups of G.

If | A| > 1 and H is simple, then for each t e A(G), Hxt n //A is an /-ideal of HK.

Thus //Ax n //A = 0 or //at n //A = //A and so each //A is an ¿-subgroup of G.

Theorem 3.22. An l-group G is completely s-reducible if and only if G = 2 CA

(A e A), where each CA is an s-simple s-subgroup of G.

Proof. If G = 2 CA (A e A) where each CA is ¿-simple, then by Theorem 3.20, G is

completely ¿-reducible.

For the converse, we may suppose that G is not ¿-simple; for otherwise the

desired conclusion follows easily. We first show that G must contain proper ¿-simple

¿-subgroups. If G is characteristically simple, then, by Theorem 3.14, G has proper

¿-simple ¿-subgroups. If G is not characteristically simple, then G contains character-

istic subgroups K and L such that 0#A^G and L covers K in the lattice of

characteristic subgroups of G. Since G is completely ¿-reducible, G = K El Kx and

so L = K E (L n Kx). Clearly L n Kx is a proper characteristic subgroup of G and is

characteristically simple. If F n Kx is ¿-simple, we have a proper ¿-simple ¿-subgroup

of G. If L n Kx is not ¿-simple, let 5 be a proper ¿-subgroup of L n Kx. Then, by

Theorem 3.14, 5 is ¿-simple. Clearly S is an ¿-subgroup of G.

Nowlet^# = {CA | Ae A} be the collection of all proper ¿-simple ¿-subgroups of G.

Then, since each CA is a cardinal summand of G, it follows that J( is a disjoint

collection, that is CA n Cy = 0 if A, y e A, A#y. Thus M= V ^ = 2 CA (A s A).

Clearly Mis a characteristic subgroup of G, and so G = M E Mx where Mx is also

characteristic. Since Mx is also completely ¿-reducible, Mx is either ¿-simple or

contains proper ¿-subgroups of G. The latter case is contradictory and so Mx is

¿-simple. If M1/0, then MxeJi and so MX^M, another contradiction. Thus

Mx=0 and G = M=2 CA where each CA is an ¿-simple ¿-subgroup of G.

Theorem 3.23. For an l-group G, the following are equivalent:

(a) G is completely s-reducible.

(h) G = 2 CA (A e A), where each CA is an s-simple s-subgroup of G.

(c) Each characteristic subgroup is a cardinal summand.

(d) 2(G) is a complemented lattice.

(e) G = 2 Kó, where {K6 \ 8 e A} is the set of minimal characteristic subgroups ofiG.

(f )  G /'¿ a cardinal sum of characteristically simple l-groups.

(g) G is the join of minimal characteristic subgroups.

(h) Ctf(G) is a complete, atomic, Boolean algebra.

(i)  ¿f (G) is a Boolean algebra.
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Proof, (a) and (b) are equivalent by Theorem 3.22, and (c), (e), (f), (g), (h), and

(i) are equivalent by Theorem 2.2.

(b) implies (c). Let 0#A be a characteristic subgroup of G. Then An CA is an

s-subgroup of the s-simple s-subgroup CA for each A £ A, and it follows that Tí is a

cardinal summand of G.

(c) implies (d). Let C be a proper s-subgroup of G and let TC=V {Ct | TeA(G)} =

2 Ctj. Then Kis characteristic and hence G = K EB A where D is also characteristic.

If TJ/0, then D is a complement of CinS(G). If D = 0, then \I\ > 1, as Cis a proper

s-subgroup. In this case, any Ct¡#C is a complement of C in 2(G).

(d) implies (a). Let C be a proper s-subgroup of G. Let A= V {Ct | t e A(G)} =

2 Ct,. Since K e Jf(G)^2(G), there exists a complement 7) of C in ^(G). Let

F = V {Dt I T e A(G)}. Since A is characteristic and An Z) = 0, we have that

K n L = 0. Both A and F are characteristic and hence so is AT EB L. It follows that

A EB F is the join of K and L in ^(G) and hence G = A EB L. Thus C is a cardinal

summand of G.

Corollary 3.24. Fac« s-subgroup of a completely s-reducible l-group G is either

characteristic or an atom in 3¡(G).

Proof. G = 2 CA (A e A) where each CA is an s-simple s-subgroup of G. Suppose

that 5 is a nonzero s-subgroup of G and that S¥=CK for any Ae A. Then 5=

2 (CA n 5) = 2 C6 where â eAçA and |A| ^2. If 5is not characteristic, then there

exists t £ A(G) such that Côt = Ca for some A e A\A. Then the transposition (8, A)

induces an /-automorphism tx of G such that 0#5c>5t1#5, and this is a

contradiction.

Corollary 3.25. Let G be a completely s-reducible l-group, let {CA | A e A} be the

collection of proper s-subgroups of G, and suppose that |A| >2. Then 2(G) is a

Boolean algebra if and only if2(G) = Jf(G).

Proof. Suppose that 2(G) is a Boolean algebra, let C £ {CA | A e A}, and let

K= V {Ct I t e ^(G)} = 2 Ct, (i e I). Then there exists a unique D e 2(G) such

that G=AEB D. If Z>^0, then C EB D is a characteristic subgroup of G that

contains C. Hence Aç C EB D and so A= A n (C EB TJ>) = (A n C) H (K n D) = C.

ThuseC e ¿f(G). Suppose (by way of contradiction) that T) = 0. Then A=G and

|7| > 1. If \I\ =2, then since Cis an atom in2(G), we have |A| =2, a contradiction.

Thus |T| >2. Let i,j, and & be distinct elements of I. Then Ct¡ and Ctj are distinct

complements of Ct,,. in 2(G), a contradiction. The converse is immediate from the

theorem.

We conclude this section with the remark that the concept of an s-subgroup is

lattice theoretic; that is, if F is a lattice with 0, then an element x of L is a shifting

element of L if x = xtt or x A xtt = 0 for each lattice automorphism -n of L. Note that

each atom in a lattice is a shifting element.
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4. Characteristically simple /-groups. We derive some results that are, for the

most part, corollaries to the theorems in the last two sections. First we supply

some needed definitions.

Let G be an /-group and let C e e€(G). G is a lex-extension of C provided that C

is prime and g eG + \C implies that g>C. If, in addition, G^C, then G is a proper

lex-extension of C. C is a lex-subgroup of G if it is a proper lex-extension of some

D e ^(G). If, in addition, C admits no proper lex-extension in G, then we say that

C is a maximal lex-subgroup of G. A lex-subgroup C that is not properly contained

in any other lex-subgroup is an ¿-subgroup (see [10, Proposition 3.1]).

A polar Cof G is called principal provided that C = a"for some a e G. An element

¿ of G is basic if ¿>0 and {x e G | 0^x^¿} is totally ordered. It follows that ¿" is a

maximal convex o-subgroup of G and hence a maximal lex-subgroup. Also ¿" is a

minimal polar and each minimal polar is of this form. A subset S of G is a 6a¿/¿ for

G if S is a maximal set of pairwise disjoint elements and each s e Sis basic.

Theorem 4.1. For a characteristically simple l-group G (#0), the following are

equivalent:

(a) G has a minimal polar.

(b) The collection of lex-subgroups of G contains a maximal element.

(c) G = 2 C¡ (i e I) where the Ct's are o-isomorphic characteristically simple

o-groups.

(d) G has a basis.

(e) G has a basic element.

(f) Each principal polar is a cardinal summand and G has a closed prime subgroup

other than G.

Proof, (a) implies (b). Let F be a minimal polar of G. By Theorem 3.14, G = 2 Q

(A e A) where the CA's are ¿-simple ¿-subgroups of G. There exists y e A such that

Cy n Ft^O. Since P is an ¿-subgroup of G and Cy is ¿-simple, we have Cy n P=Cy

and so Cy^P. Now Cy is a polar and the minimality of F implies that Cy = P. Thus

Cy is totally ordered. Since a lex-subgroup is cardinally indecomposable, it follows

that Cy is maximal in the collection of lex-subgroups of G.

(b) implies (c). Let L be maximal in the collection of lex-subgroups. Again

G = 2 CA (A e A) where the CA's are /-isomorphic ¿-simple ¿-subgroups of G. Since

Fis an ¿-subgroup, CyçF for some y e A; and since F is cardinally indecomposable,

L=Cy. Thus F is ¿-simple and hence the convex /-subgroup of L generated by the

nonunits of F, the lex-kernel of L is trivial [10, Theorem 2.1]. Therefore L is an o-

group and so condition (c) follows.

(c) implies (d) and (d) implies (e) are trivial.

(e) implies (f). Let s be a basic element of G. Again G = 2 CA (A e A), where the

CA's are /-isomorphic ¿-simple ¿-subgroups of G. Clearly there exists y e A such that

¿ e Cy. It follows that ¿" = Cy and so each of the CA's is totally ordered. It is then
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clear that each principal polar is a cardinal summand and that G contains a closed

prime subgroup M=£G.

(f) implies (a). Let M (M^G) be a closed prime subgroup of G. Since each

principal polar is a cardinal summand, G is representable. Let 0<ge G\Mand let

C be a convex /-subgroup of G containing M that is maximal with respect to g £ C.

Then C is closed [7, Lemma 3.3] and C contains a unique minimal prime subgroup

A and A=(J V (b eG + \C) [13, Proposition 5.4], and clearly A=U *' (* e G + \C,

b^g). Let C* be the unique convex /-subgroup of G that covers C. Since G is

representable, Cis normal in C* [6, Corollary 3.2]. Let o £ G + \C,b^g. Since C*\C

is an archimedean o-group, there exists an integer « such that C+g<C + nb. If

xeb', then x e (nb)' and so x e (nb A g)'. Since C is prime, «o A g > 0 and nb Age

C+g. Thus we have A=(J a' (0<a:£g and a£ C+g). Let í/ (i/>0) be a lower

bound for {a | 0<a^g and öe C+g} [7, Lemma 3.1]. Then N=d' and so d" is a

minimal polar.

Theorem 4.2. Let G be a minimal l-ideal of an l-group H and let C be a proper s-

subgroup ofG. Then G is characteristically simple and hence G = 2 CA (A e A), where

the Cx's are conjugate subgroups of C in H.

Proof. C is an s-subgroup of T7. Let 7(TT) denote the inner automorphism group

of 77. Then K= V {Co | a e 1(H)} is a nonzero /-ideal of T7 contained in G. Thus

G = K=1 Co, where {o, | ieI}çI(G).

Remark. In the above theorem, if C is a minimal /-ideal of G, then since

G = C EB D, it follows that C is simple.

Theorem 4.3. If G is characteristically simple and if G = A EB B, where A and B

are nonzero and A is cardinally indecomposable, then

(1) A is an s-simple s-subgroup of G and G = 2 AÄ (A e A), where the A¿s are

l-isomorphic to A.

(2) If G=C EB D, then C=%AÔ (8 e A) for some subset A of A. Hence C is

characteristically simple.

Proof. If te^(G) is such that A n At^O, then A = A n G = A n (At EB 77t) =

(A n At) EB (A n Ft) = (A n v4t), since ^ is cardinally indecomposable. Therefore

A is a proper s-subgroup of G and so G = 2 ^a where them's are /-isomorphic to A.

By Theorem 3.14, A is s-simple.

If Cis a cardinal summand of G and if C n AK^Q, then C n AÁ = AÁ, for other-

wise y4A (and hence A) would be cardinally decomposable. It follows that C = 2 A6

(8 eAgA). By Theorem 3.21, C is characteristically simple.

A convex /-subgroup M of an /-group G that is maximal with respect to not

containing some g e G is called a value of g and a regular subgroup of G. If A/ is

regular, then there is a unique convex /-subgroup M* of G that covers A/. The pair

(M*, M) is called a covering pair of G. The covering pair is said to be normal if M

is a normal subgroup of AT*. In this case M*\M is an archimedean o-group.
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Theorem 4.4. Let G be a characteristically simple l-group such that each covering

pair is normal. If G has a maximal prime subgroup, then G is a subdirect product of a

direct product of subgroups of the reals.

Proof. Since the intersection of all maximal prime subgroups is characteristic,

it follows that this intersection is zero. Since G covers each maximal prime subgroup

M, M is normal in G. The map

g-+(...,M+g,...)

is an /-isomorphism of G onto a subdirect product of subgroups of the reals.

Corollary 4.5. Let G be a representable characteristically simple /-group. If G

contains a maximal prime subgroup or a strong unit, then G is a subdirect product of a

direct product of subgroups of the reals.

Proof. If e is a strong unit and M is a value of e, then M is a maximal prime

subgroup. Also for a representable /-group each maximal prime subgroup is

normal [6, Corollary 3.2].

An element of an /-group G that has exactly one value is said to be special. If

0<ge G has only a finite number of values, then g has a unique representation

g=gi + - • • +gn where the g¡'s are disjoint and special [8, Theorem 3.7]. For an

element g in G we shall denote by G(g) the convex /-subgroup of G generated by g.

Then G(g) = {x e G ||x|^«|g| for some n>0}, and is called a principal convex

¡-subgroup.

Lemma 4.6 (McAllister). For an l-group G, let

F = V {G(g) | 0 < geG and g is finite valued}.

Then F is a characteristic subgroup of G and also the l-ideal of G generated by all the

special elements of G. Moreover

F = U {G(g) | 0 < g e G and g is finite valued}.

Proof. If t e ^(G)andO<g e G is finite valued, then so is gx. Thus Fis character-

istic. Also g=gi+ • • • +g„, where the g¡'s are disjoint and special and so G(g) =

G(gx) H • ■ • E G(gn). It follows that Fis the /-ideal generated by the special elements.

It is easy to verify that if 0<g, « e G are finite valued, then so is g + h. Thus

F=UG(g).
Remark. This lemma generalizes to all g with a fixed bound on the cardinality

of its values.

Theorem 4.7. If G is characteristically simple, contains a special element, and a

weak unit, then G is a cardinal sum of a finite number of o-isomorphic characteristically

simple o-groups and conversely.

Proof. Fis a nonzero characteristic subgroup of G. Hence F=G. If g is a weak

unit, then g e G(h) for some 0 < « e G, where « is finite valued. Thus « is also a weak
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unit of G and so we may also assume that g is finite valued. Since we have g' = 0,

it follows that g" = G. Now g = gx+ • ■ • +gn where the g,s are disjoint and special.

Thus G is the lex-sum of the maximal lex-subgroups g"x,..., gn [10, Corollary II,

p. 100]. Therefore G = AX EB- • -EB Ak where each A, is a lex-subgroup of G, and this

is the unique decomposition of G into cardinally indecomposable summands. It

follows from Theorem 4.3 that the At's are /-isomorphic s-simple s-subgroups of G.

In particular, the lex-kernel of A, is zero and so A{ is a characteristically simple

o-group.

Lemma 4.8. An l-group G is characteristically simple if and only ifO<a,beG

implies b < n(arx + ■ ■ ■ + aTk)for some tx, .. .,Tke A(G) and some positive integer n.

Proof. Clearly the condition is sufficient. If G is characteristically simple, then b

must belong to the characteristic subgroup F generated by a. Now

T = V {G(o)t | t e A(G)} = V {G(ar) \ r e A(G)}.

Thus b = bx+ ■ ■ ■ +bk where b, e G(üt,) (/= 1, 2,..., k) and hence b,-¿ \b,\ <n,aT,

for some «( > 0. Therefore b < nxarx + ■ ■ ■ + nkaTk < nx(arx + ■ ■ • + aTk) + ■ ■ • +

nk(aTX+- ■ ■ +aTk) = (nx+- ■ ■ +nk)(aTX+- ■ ■ +ark) = n(aTX+■ ■ ■ +aTk).

Let T(G) denote the partially ordered set (with respect to inclusion) of all regular

subgroups of the /-group G. Each r e A(G) induces an o-automorphism on T(G). We

shall call G finite valued if each element of G has only a finite number of values. The

next theorem shows that for a finite valued /-group G, the action of A(G) on T(G)

determines whether or not G is characteristically simple.

Theorem 4.9. For a finite valued l-group G, the following are equivalent:

(a) G is characteristically simple.

(b) If 0 < a, be G are special, then noT > b for some t e A(G) and some positive

integer n.

(c) If A, Be F(G), then At^B for some r e A(G).

Proof. Let A and B be the values of a and b respectively and let A* cover A, and

77* cover 77.

(a) implies (b). By the last lemma, b<n(aTX+ ■ ■ ■ +aTk) for some tx, ..., rke

A(G) and some « > 0. Thus we may assume that arx $ B. If arx $ B*, then the value

Atx of ütx contains B* and this is the only value of ütx — b. Moreover, Atx + otx >

ATX = ATX + b.If aTXe B*,then B + maTX>B + b for some positive integer«/. Thus

in either case maTX > b [8, p. 114].

(b) implies (c). If naT>b, then «at ^ B. Thus the value At of üt contains B.

(c) implies (a). Let A be a proper convex /-subgroup of G. If 0<g e G\K, then

K^M, a value of g. Let 0<k e K and let A be a value of k. Then K^M^Nt for

some t e A(G) and kr £ At. Thus Kt^K and so K is not characteristic.

Corollary 4.10. An o-group G is characteristically simple if and only if, for each

A, Be T(G), there exists r e A(G) such that At^B.
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5. The /-group V(A, R¡). A root system is a partially ordered set A such that no

two incomparable elements have a common lower bound. A root in A is a maximal

chain. Let A be a root system and for each AeA, let Rh be a subgroup of the reals.

Let n=n©^x (AeA) denote the direct product of the R¿s and for v =

(..., t»A,...) e n, let S„ = {X e A | t>A#0}. Let V(A, R¡) = {v eU\Sv satisfies the

maximum condition}. For v e V(A, /?A), let A„ = {A e Sv \ vß = 0 for all ß> A}. Then

A e A„ is called a maximal component of v. An element v in K(A, /?A) is positive if

yA^0 for each A e A„. With this order V(A, /?A) is an abelian /-group. If each RA is

the group of real numbers, then F(A, Z?A) is a vector lattice. These /-groups V are

important because each abelian /-group and each (real) vector lattice can be

embedded in such a V. See [14] for proofs of the above remarks.

Theorem 5.1 (McCleary). The l-group V= V(A, RK) is characteristically simple

if and only if V is a cardinal sum of a finite number of o-isomorphic characteristically

simple o-groups.

Proof. Let {c¡ | i el} be a maximal disjoint subset of V +. Then \/ {ct \ie 1}

exists and is a unit. Also it is clear that V contains a special element and hence the

theorem follows immediately from Theorem 4.7.

Remark. If each RK equals the reals, then the structure of these characteristically

simple o-groups is described in the remarks before Corollary 5.9.

Corollary 5.2. F(A, RK) is s-simple if and only if it is totally ordered and

characteristically simple.

Proof. Each totally ordered cardinal summand of an /-group is an ¿-subgroup.

An o-automorphism of a partially ordered set A is a permutation it of A such that

both w and 77_1 preserve order.

The following results make it clear that the group of o-automorphisms of A plays

an important role in the structure theory of K(A, Rx).

Theorem 5.3. For the vector lattice V= V(A, Rx) the following are equivalent:

(a) Each l-ideal of V is characteristic.

(b) The only o-automorphism of A is the identity and A contains only finitely

many roots.

Proof, (a) implies (b). Suppose (by way of contradiction) that A contains

infinitely many roots. Then there exists veV such that |A„| =X0 and such that if

A e A„ then t»A=l. Let Av he indexed by the natural numbers, say Av = {Ai, A2,...}.

In RKn consider the o-automorphism x -> nx. This induces an /-automorphism t of

V such that for the principal /-ideal V(v) we have that V(vt)=V(v)t^>V(v), a

contradiction. Therefore A contains only finitely many roots. Next suppose (by way

of contradiction) that n is an o-automorphism of A such that Xn^X for some

A e A. Without loss of generality, we may suppose that Att^ A. Let v e V be such

that i»A = 1 and vB=0 for all ß e A\{A}. If t is an /-automorphism of F induced by it,
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then V(v)t^ V(v), a contradiction. Thus the only o-automorphism of A is the

identity.

(b) implies (a). Each /-ideal of Fis the join of subgroups of the form V(v) and so it

suffices to show that V(v)t^ V(v) for each f e A(V). Since 0<»eK has only a

finite number of values, V(v)= V(vx) EB ■ • • EB V(v„), where each v% is special. Thus,

without loss of generality, we may suppose that v is special. Now r induces the

identity o-automorphism on A; hence vr has the same value as v. Therefore

V(v)=V(vt)=V(v)t.

Theorem 5.4. For the vector lattice V= V(A, Rk), the following are equivalent:

(a) Ao nonzero principal l-ideal is characteristic.

(b) For each finite nonvoid trivially ordered subset X of A, there exists an o-

automorphism it of A such that Xn ^ X.

Proof, (a) implies (b). Let A={A1;..., An} be a trivially ordered subset of A and

define v e F by fA=l if A e A'and yA = 0 otherwise. By (a) there is an/-automorphism

t of F such that V(v)t=£ V(v). Thus f induces an o-automorphism it of A in which

Xw+X.

(b) implies (a). If 0 < v e V has an infinite number of maximal components, then

pick a countable subset of these, say {Xx, A2,...}, and in AAn consider the o-

automorphism x -> nx. This induces an /-automorphism t of V such that V(v)t^

V(v). Suppose that 0 < v e Khas a finite number of maximal components, A1;..., A„.

Then there exists an o-automorphism -n of A so that {A1;..., A„}7r^{A1,..., A„}.

This induces an /-automorphism t of V such that F(F)t# V(v).

Let F be a root system and let Aç r. We say that T is an essential extension of A

if A is a dual ideal of T and both F and A have the same number of roots.

Lemma 5.5. If A is a finite root system, then there exists a finite essential extension

r of A such that the o-automorphism group A(T) of Y is trivial.

Proof. We induct on the number « of roots of A. If «= 1 or if /1(A) is trivial, the

theorem holds. Suppose that « > 1 and pick a root Ax of A. Let Ax ={A e A | A is an

element of some root A^AJ. By induction there is an essential extension Yx of Ax

such that A(TX) is trivial. Adjoin A^A! to Tx and add elements to the tail of Ai until

the resulting root system has a trivial o-automorphism group.

Corollary 5.6. Each finite-dimensional vector lattice can be embedded in a

finite-dimensional vector lattice in which each l-ideal is characteristic.

It is not difficult to show that each totally ordered set can be embedded in one with

a trivial o-automorphism group. Hence each root system A with a finite number of

roots can be embedded in a root system F with the same number of roots and such

that A(Y) is trivial. Thus each vector lattice L with a finite basis can be embedded in

a vector lattice V in which each /-ideal is characteristic and such that a basis for L

is also a basis for V.
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Theorem 5.7. If H is the divisible hull of a characteristically simple abelian

l-group G, then H is characteristically simple.

Proof. If t is an /-automorphism of G, then there exists a unique extension of t

to an /-automorphism a of H; for if he H, then nh e G for some positive integer «.

Define «<x = (««t)/«. A routine check shows that o is an /-automorphism of H. If

0<a, b e H, then ma, mb e G for some positive integer m. Thus by Lemma 4.8,

there exists tx, ..., rk e A(G) and a positive integer « such that mb<

n((ma)rx+ ■ ■ ■ + (ma)Tk) = nm(aox + ■ ■ ■ + aok), where <r¡ is the extension of rt to H

described above. Therefore b < n(aox + ■ ■ • + aok) and so by Lemma 4.8 H is

characteristically simple.

Notation. Let A be a root system and let V— V(A, /?A) where each /?A is the group

of reals. Let

S(A, /?A) = {v e V | Sv is finite}

and

F(A, /?A) = {v e V | Sv is contained in a finite number of roots}.

Note that both E(A, /?A) and F(A, RÄ) are finite valued /-groups.

Theorem 5.8. For a root system A, the following are equivalent:

(a) 2(A, RA) is characteristically simple.

(b) F(A, R>) is characteristically simple.

(c) For a,j3eA, there exists an o-automorphism -n of A such that av ^ ß.

Proof, (a) implies (c). Let S=S(A, Rx), let a, ß e A, and let 2y = {i> e S | i>A = 0 for

all A^y} where ye{a,ß}. Then Sa and Sfl are regular subgroups of S. By Theorem

4.9, there exists t e ^(S) such that ^„t^S^. Then t induces an o-automorphism n

of A such that an^ß.

(c) implies (a). Let Sa and Sfl be as above and let 77 be an o-automorphism of A

such that arr^ß. Then 7r induces an /-automorphism t of S such that 2aT^£¿,. Thus

by Theorem 4.9, 2 is characteristically simple.

The proof of the equivalence of (b) and (c) is similar to the one just given.

In an /-group G, two elements a and bin G+ are called a-equivalent if a < mb and

b<na for some positive integers m and «. An /-group H is said to be an a-extension

of G if G is an /-subgroup of H and if for each h e H+ there exists g e G + such that

g and « are a-equivalent. G is said to be a-closed if it does not admit a proper

a-extension. An a-closed a-extension of G is called an a-closure of G.

If G is an abelian o-group, then by Hahn's embedding theorem (see [14] or [15])

we may assume that Gz V(A, RA) where A is totally ordered and each /?A is the

group of reals, and V(A, RK) is the a-closure of G. If G is a-closed, then G= K(A, RK)

and hence G is characteristically simple if and only if given a, ß e A, then an^ßfor

some o-automorphism it of A.



358 R. D. BYRD, PAUL CONRAD AND J. T. LLOYD [August

Corollary 5.9. If an abelian o-group is characteristically simple, then so is its

a-closure.

Proof. This follows from the above and Theorem 4.9.

6. The /-group C(X). For a topological space X, let C(X) denote the vector

lattice of all continuous real-valued functions on X, with pointwise order and ad-

dition. Many authors (see, for example, [3] or [22]) have shown that an archimedean

/-group with a strong unit is /-isomorphic to an /-subgroup of C(X) that contains

the constant function 1, where Ais a Stone space (i.e. Xis extremally disconnected,

compact, and Hausdorff). A topological space X is said to be completely regular

provided it is a Hausdorff space such that whenever A is a closed set and x e X\A,

there exists fe C(X) such that xf=l and Af={0}. For each topological space Y

there exists a completely regular space A and a continuous map n of F onto A such

that f->irf is a ring isomorphism of C(X) onto C(Y) [16, p. 41]. Thus we shall

assume throughout this section that X is completely regular.

It is shown in [16, p. 69] that each prime ring ideal of C(X) is a prime subgroup

of C(X); thus if M is a maximal ring ideal of C(X), then C(X)¡M is an o-field.

One calls a topological space X real compact if whenever AT is a maximal ring ideal

of C(X) and C(X)\M is o-isomorphic to the field of real numbers, then

M=Cx = {feC(X)\xf=0}

for some xeX. An f-ring is a lattice-ordered ring in which a A 6 = 0 and c^O

implies caAb = acAb — 0.

Lemma 6.1. If G is an f-ring and M is a minimal prime subgroup of(G, +), then

M is a ring ideal.

Proof. Let 0<xeM and 0<geG. Since AT is a minimal prime subgroup of

( G, + ), there exists 0 < a e G\M such that a A x = 0. Thus a A xg = 0 and so xg e M.

Similarly gx e M.

Theorem 6.2. For a topological space XandC= C(X), the following are equivalent:

(a) If M is a maximal group l-ideal of C, then M=Cxfor some x e X.

(b) X is real compact.

Proof, (a) implies (b) is trivial.

(b) implies (a). Let AT be a maximal group /-ideal and let A be a minimal prime

subgroup of C contained in M. By the preceding lemma, A is a ring ideal and hence

is contained in a maximal ring ideal J of C. Thus N^J^M. If //AT, then C//is

a nonarchimedean o-field with a maximal convex o-subgroup AT/A but this is

impossible.

In [16] the following results are proven:

(a) Each compact space is real compact (p. 71).

(b) Each metrizable space of nonmeasurable cardinals is real compact (p. 232).
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(c) A discrete space is real compact if and only if its cardinal number is non-

measurable (p. 163).

(d) Each Lindelöf space is real compact (p. 115).

(e) Each subspace of a Euclidean space is real compact (p. 115).

Theorem 6.3. If the topological space X is real compact and C= C(X), then

A(C) is a splitting extension of the group P(C) of polar preserving l-automorphisms of

C by the group H of ring l-automorphisms of C.

Proof. Let A=A(C) and P=P(C). It is shown in [12] that the group P is

{t e A \ there exists geC with xg>0 for all xe Xand fr= fig for all/e C}. Each

ring automorphism is an /-automorphism [16, p. 13] and H={t e A | there exists a

homeomorphism tt of X such that/t = 7t/for all/e C}.

If re A, then t induces a permutation of the set M of maximal group /-ideals of

C. Each maximal group /-ideal is of the form Cx for some xe X. Define ■*: X-> X

by xtT=y, where Cxr = Cy. Then v is a permutation of X. We wish to show that 7r

is continuous. Suppose (by way of contradiction) that there exists a net {xA | A e A}

such that xA -> x and such that xA7r lies outside of a given e-neighborhood of X7r for

each A e A. Pick fir e C such that (xatt)/t = 0 for all A e A, but (xtt)/t # 0. Observe

that for y e X and he C, the following are equivalent :

(i) yh = 0.

(ii) « e Cy.

(iii) hreCyT=Cyn.

(iv)  (j>7r)«T = 0.

Thus we have that xA/=0 for all A, but x/VO. This contradicts the assumption that

/is continuous. Therefore 7r is a homeomorphism.

Define o from C into C by (x)/a = (x7r)/for all x e X and all/s C. Then o e H

and hence roe A. Using the conditions (i) through (iv) above, it is easily shown that

ro = pe P. Therefore r — po~1ePH.

Clearly P n H is the identity subgroup. Let t e P where r is given by fr=fig for

some geC and o e H where o is given by fo = nf. Then for fe C and xe X,

xforo -1 = (xtt - x)foT = (xtt - ^/afxTT " *)g = (xf)(xgo ~% Since xgo -1 > 0 for all x e X,

oro"'e?. Hence F is a normal subgroup of A and so A is a splitting extension of

F by//.

For/e C(X) let K, be the closure of the support of/ let C*(A") = {/e C(X) |/is

bounded}, and let CK(X)={fe C(X) \ K¡ is compact}.

Corollary 6.4. If X is real compact, then CK(X) is a characteristic subgroup of

C(X).

Proof. The following properties of CK(X) are proven in [16]:

(a) CK(X) is an ideal in C(X) (and C*(X)) (p. 61).

(b) For any topological space X, CK(X) is the intersection of all free ideals in

C(X) or C*(X) (p. 109). If Zis real compact then CK(X) is the intersection of all

free maximal ideals of C(X) (p. 123).
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We first show that CK(X) is an /-ideal of C(X) for any topological space X. If

g e CK(X), then Agv0 is a closed subset of the compact set Kg and hence compact.

Thus gvOe CK(X). If he C(X) is such that 0<h<ge CK(X), then again Kh is

compact and so h e CK(X).

Now if X is real compact, then by the theorem, A=PH and clearly CK(X) is

mapped to itself under the action of elements from both F and T7.

Theorem 6.5. If X is real compact and the group of homeomorphisms of X acts

transitively on X, then CK(X) is the minimal characteristic subgroup of C(X).

Proof. Let 0<geC(X), 0<« e CK(X), let xe X be such that xg>0, and let

y e Kh. Then there exists a homeomorphism n of X such that yn = x. Now n

induces an /-automorphism t of C(X) and ygT = (yrr)g = xg>0. It follows by the

compactness of Kh that there exists tx, ..., TnE/l(C(A))suchthat/=gT1+ • • • +gTn

and zf> 0 for all z e Kh. Thus a suitable multiple off exceeds «, and so CK(X) is the

minimal characteristic subgroup of C(X).

Corollary 6.6. If X is the set of real numbers, then CK(X) = {fe C(X) \ there

exists x, y e X with x<y and zf= 0 if z e X\(x, y)} is the minimal characteristic

subgroup ofC(X).

Corollary 6.7. If X is discrete with nonmeasurable cardinality, then 2 Rx

(x e X), where Rx is the reals for each xe X, is the minimal characteristic subgroup of

C(X) = l\Rx(xeX).

Corollary 6.8. If X is the unit circle, then CK(X) = C(X). Hence C(X) is

characteristically simple.

Corollary 6.9. If X is compact and the group of homeomorphisms acts trans-

itively on X, then C(X) is characteristically simple.

Corollary 6.10. Suppose that X is a Stone space such that the group of homeo-

morphisms acts transitively on X. Then C(X) is a complete characteristically simple

vector lattice.

As a corollary to the proof of the theorem we have

Corollary 6.11. If C= C[0, 1 ] and if A= {geC \ there exists x,ye(0, 1) with

x<y such that zg = 0 ifz e [0, 1 ]\(x, y)}, then K is the minimal characteristic subgroup

ofC.

Using [1, Theorem 11 and Theorem 12], one can construct uncountably many

totally ordered compact spaces where each pair of closed intervals are o-isomorphic.

If the endpoints of such a space are identified, one obtains a compact space A with

a transitive group of homeomorphisms. Thus C(X) will be characteristically simple.

Note that Corollary 6.8 is a special case of this, where we start with [0, 1].
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Theorem 6.12. If X is compact, then C(X) is characteristically simple if and only

if, for each 0</e C(X) and x e X, there exists y in the support of f and a homeo-

morphism Tt of X such that xn=y.

Proof. Suppose that C= C(X) is characteristically simple and let 0 <fe C. Then

the characteristic subgroup AT generated by /is N/ C(f)r=\/ C(fr) (t e A(C)). If

there exists xe X such that x/t = 0 for all t e A(C), then clearly K=£ C. Thus given

xe X there exists t e A(C) such that x/V > 0. Now, without loss of generality, r is

induced by a homeomorphism -n of X and so xtr=y for some y in the support off.

Conversely suppose that 0</belongs to a characteristic subgroup K of C. For

x e X there exists y e X and a homeomorphism 7r of X such that j»/> 0 and x-n=y.

Without loss of generality yf> 1 and hence there exists an /-automorphism t of C

such that/r> 1 in some neighborhood of x. By the compactness, it follows that the

constant function 1 is in K and so K=C.

Theorem 6.13. Suppose that G is an l-subgroup of C(X) containing 1, where X

is a Stone space. Then G is characteristically simple if and only if for each 0<g e G

and xe X there exists an l-automorphism t of G such that xgr > 0.

Proof. If G is characteristically simple and if 0 <g e G and xe X, then by Lemma

4.8, 1 <n(grx+ ■ ■ ■ +grk) where rx,..., rk e A(G) and « is a positive integer. Thus

xgTj > 0 for some /.

Conversely let 0<geG and for each xe A' choose TxeA(G) and a positive

integer nx such that nx(x)rx> 1. Let Tx = {y e X \ nx(y)grx> 1}. Then the Txs form

an open cover for X and hence there is a finite subcover. Therefore 1 <nXlgrXl +

■ ■ ■ +nXkgTxk<m(gTXi+-\-grXk)   where   m = max {nXl,.. .,nXk}.    Thus    the

characteristic subgroup of G generated by g contains 1 and hence must be G.

We note that in the preceding theorem, we use only the fact that X is compact.

Now let D(X) denote the ring of almost finite real-valued continuous functions on

the Stone space X, and let F be the group of polar preserving /-automorphisms of

D(X) and H the group of ring /-automorphisms of D(X).

Theorem 6.14. If X is a Stone space, then A(D(X)) is a splitting extension of P

by H.

Proof. Let D = D(X), A=A(D(X)) and for xeX, Dx = {feD\xf=0}. Let

t e A and/= It. We shall show that/has a multiplicative inverse. Suppose (by way

of contradiction) that the support Sf of/is a proper subset of X. Then X\Sf is

clopen and hence the characteristic function g on X\Sf belongs to D, and/A g = 0.

Thus 0=1 Agr-1, a contradiction. Define xg=l/x/for all x e X. Then g is the

inverse off.

Define o from D into D by ho = hf~1 for all he D. Then o eP and 1tct= 1. We

now show that to induces a homeomorphism tt of X. Let xe X and Dxto = M.

Then M is a value of 1. If M^Dy for some y e X, then M=Dy since 1 £ Dy. If
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AT^ Dy for ail y e X, then, by the compactness of X, it follows that 1 £ AT, a

contradiction. Thus Dxto = Dy and we define xn=y. Clearly tt is a homeomorphism

of X. (The argument is the same as that given in the proof of Theorem 6.3.) Define

P by hp = 7T«. Then peH. Note that the following are equivalent :

(1) x« = 0.

(2) h e Dx.

(3) «T<7 £ Dxn.

(4) 0 = (X7T)hTO = XhPTO.

Therefore pTo is a polar preserving /-automorphism of D that maps 1 onto 1 and

hence it is the identity. Thus T = p~1o~1 e PH. As in Theorem 6.3, 77 n F is the

identity subgroup and F is normal in A.

Theorem 6.15. If X is a Stone space that satisfies the condition given in Theorem

6.12, then D(X) is a characteristically simple, complete, laterally complete vector

lattice.

Proof. By the proof of Theorem 6.12, the constant function 1 is in any character-

istic subgroup Aof £>( X). Consider 0 < d e D(X)andletg= 1 yd. Then f^»fg is an

/-automorphism of the /-group D(X) which maps 1 onto g. Thus g e K and hence

d e K. Therefore A= TJ»(A).

7. Self-injective /-groups. The category of all /-groups where the subobjects are

/-subgroups contains no injectives (see [19]), but as we shall show it does contain

self-injectives.

An /-group G is said to be self-injective if each /-homomorphism of an /-ideal L of

G can be extended to an /-endomorphism of G. An /-ideal F of G is said to be large

in G if whenever J is an /-ideal of G such that J n F = 0, then 7=0.

The proofs of the next three propositions are entirely similar to the corresponding

proofs for modules and so we omit them.

7.1. If G is self-injective and G = A EB B, then A is self-injective.

7.2. If L is an l-ideal of a self-injective l-group G and L is isomorphic to G, then

G=LmL'.

7.3. If G is self-injective andL is an l-ideal that is not large in any l-subgroup of G

except itself, then G=L^L'.

An /-group G is said to be hyper-archimedean if each /-homomorphic image of G

is archimedean. It is fairly well known that the following assertions are equivalent

(see, for example, [2] or [4]) :

(i) G is hyper-archimedean.

(ii) The collection of regular subgroups of G is trivially ordered.

(iii) G = G(g) EB g' for each 0<g e G.

(iv) If 0 <fi g e G, then there exists a positive integer « such that

f A ng =f A (n+l)g.
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(v) G is /-isomorphic to an /-group T7s \~[ FA (A e A) where each T?A is the group

of real numbers, and such that if 0 < x, y e 77, then there exists a positive integer «

such that nxh>yÁ for all A e A with xK^0.

Theorem 7.4. For a vector lattice G, the following are equivalent:

(a) G is self-injective and contains a maximal l-ideal AT.

(b) G is self-injective and hyper-archimedean.

(c) G is self-injective and archimedean.

(d) G is l-isomorphic to 2 T?A where each RÁ is the group of reals.

Proof. Clearly (b) implies (a) and (b) implies (c).

(a) implies (b). If G is not hyper-archimedean, then there exists a regular subgroup

Ga such that Ga^Ga^G where Ga is the /-ideal that covers Ga. If 0 < a e Ga\Ga, then

Ga = Ga@ Ra, where R denotes the real numbers. The projection of G" onto Ra is

an /-homomorphism. Now pick 0<g e G\AT and 0<b e G\Ga. Then there exists an

/-homomorphism t of Ga onto Rg such that üt =g. Let o be an extension of r to an

/-endomorphism of G. Then Ga^Ker(o-). For each positive integer «, Ga + na<

Ga + b, and so ng = nao<bo. Therefore M<n(M+g)<M+b for all «, but this

contradicts the fact that G\M is an archimedean o-group.

(c) implies (b). Again, if G is not hyper-archimedean, then there exists a regular

subgroup Ga such that Ga^Ga^G. If 0<6 e Ga\Ga, then Ga = Ga® Rb and the

projection r of Ga onto Rb is an /-homomorphism. Extend t to an /-endomorphism

a of G. If 0<a$G", then Ga + nb<Ga + a and so nb = nbo<ao for all positive

integers «, a contradiction.

(d) implies (c). This follows from the fact that each /-ideal of G is a cardinal

summand.

(b) implies (d). It suffices to prove that G has property (F) (see §8) or equivalently,

that G(g) has a finite basis for each 0<ge G. Suppose (by way of contradiction)

that {g¡ | /= 1, 2,...} is an infinite disjoint subset of G(g). Since 0<g¡ Ag¿¡g for

each i, we may assume that gag¡ for each /'. Moreover, we may multiply each g,

by a suitable real number to obtain g,^g and 2g,$g for each /. If x e 2 G(g,)

(i= 1, 2,...), then x = xx + x2+ • ■ -, where x, e G(g{) (i= 1, 2,...) and all but a

finite number of the x,'s are zero. For each i, the map y -*■ iy is an /-automorphism

of G(gt) and this induces an /-automorphism t of 2 G(g¡). r can be extended to an

/-endomorphism o of G. Note we may assume that Gç]-] AA (A e A) and that there

exists a positive integer m such that mgK > (go)h for all A such that gA > 0, where

g = (..., gA,... ). Now (g¡)A > 0 implies gK ̂  (g¡)A > 0 and so mg„ > (g<r)A ̂ (g,o)A =

(igt)\. Therefore we have that mg > ig, for a fixed integer m and for all i. In particular,

mg > 2mg2m which implies that g > 2g2m, a contradiction.

Remark. A vector lattice G that satisfies (d) of the theorem is characteristically

simple. We also note that a completely reducible /-group is self-injective. We have

not been able to characterize nonarchimedean self-injective vector lattices. An

example of one that is totally ordered is given in §9.
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For the remainder of this section, we shall suppose that G is an /-group such that

G is /-isomorphic to G(g) for each 0<g e G. We state the following properties, the

proofs of which are straightforward.

7.5. If G is archimedean and has a strong unit, then it is /-isomorphic to a sub-

direct sum of reals. (The above hypothesis is not needed for this.)

7.6. If there exists 0 <g £ G that is finite valued, then G is an o-group.

7.7. If G has a nonunit, then G is cardinally decomposable.

Theorem 7.8. If G is a hyper-archimedean l-group such that G is l-isomorphic to

G(g)for each 0<g e G, then G is characteristically simple.

Proof. Let 0<a, b e G. Now a = a Ab + ax and b = aAb + bx, where ax A¿»1=0.

Ca¿el. a1#0#o1. Then G(ax) is /-isomorphic to G(bx) and G = G(ax) ffl G(bx) H

D for some /-ideal D of G. There exists an /-automorphism t of G that interchanges

G(ax) and G(bx). Since a Abe G(a) and G(ax)zG(a), we have that

b = a A b + bxeG(a) + G(ax)T<= G(a) + G(a)r.

Case 2. bx = 0. Then b^a and hence b e G(a).

Case 3. ax=0. Then a^b and hence G(a)^G(b). Therefore G = G(b) E b'=

G(a) E D E b' for some /-ideal D of G. Thus b = x+y e G(a) E D. lfy = 0, then

6 = xeG(a). If y#0, then y>0 and hence G = G(a) E G(y) E />'. There is an

/-automorphism t of G interchanging G(a) and G(y). Therefore b e G(a) E G(y) =

G(a) E G(o)t. Thus G is the characteristic subgroup generated by a and so G is

characteristically simple.

8. Embedding in characteristically simple /-groups. In this section we prove that

any /-group can be embedded in an algebraically simple /-group. In addition we

prove that a representable (abelian) /-group can be embedded in a characteristically

simple representable (abelian) /-group.

Theorem 8.1. Each l-group can be embedded as an l-subgroup of an algebraically

simple l-group.

Proof. By [21] we may assume that G is an /-subgroup of &(F), where 3P(F) is

the /-group of all o-permutations of a totally ordered field F. Thus it suffices to

embed ¿?(F) in an algebraically simple group. Without loss of generality, F

contains the rational field. Now &(F) is doubly transitive on F for if c < d e F then

the map y -> (d— c)y + c maps 0 onto c and 1 onto d.

Let M be the field of power series in x with coefficients in F, lex-ordered so that

• • • « X"2 « X"1 «  1  « X « X2 « • • -.

Let £/*={«? e M\m exceeds each positive integer} and let tt be a one-to-one map

of U* onto a set Usuch that U n M= 0. Now7r induces a total order on Uand we

shall consider M u U as a totally ordered set where M<U.
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Next we shall show that any two closed intervals of M u U are isomorphic. It

suffices to show that [a, b] is o-isomorphic to [c, d] where a,beM, a<b and

c,de Mv> U,c<d. This is clear if c, d e M or if c, d e U. Suppose that ce M and

de U and let U* be as above. Let bx>b2> • • • >ba> ■ ■ ■ be an inversely well-

ordered coinitial sequence in £/*. Then n<ba for all integers n and all a; and if

n<y for all integers «, then ba<y for some ba. Thus ba-n<dand c<xn for some ba

and some positive integer «. Since any two intervals of M are o-isomorphic, there

exists an o-isomorphism / of [c, xn, x" + 1,...) onto [1, 2, 3,...) and an o-iso-

morphismgof(..., ba+xtr, b¿n, o"]onto(..., ba+2, ba+x, ba]. Since [c,xn,xn + 1,...)

u (..., ba+X7T, ba7T, d] = [c, d] and [1, 2, 3,...) u (..., ba+2, ba+x, 6J = [1, ba],

fand g induce an o-isomorphism of [c, d] onto [1, btt]. Since [1, ba] is contained in

M, [1, ba] is o-isomorphic to [a, />]. Therefore [c, d] is o-isomorphic to [a, /»].

Next we repeat a similar construction on the lower end of M u U and get a

totally ordered set N=L u M u U where L<M<U and any two closed intervals

of N are o-isomorphic.

Each o-permutation of F can be extended to an o-permutation of M, and by

[21], &(F) is /-isomorphic to an /-subgroup of Sfi(M). éP(M) can be considered as

an /-subgroup of the /-group âS(N) of all o-permutations of N having bounded

support (that is, all o-permutations that are the identity outside of some bounded

interval). By [17], 3S(N) is algebraically simple. This completes the proof of the

theorem.

An /-group G satisfies property (F) if each element in G+ exceeds at most a

finite number of disjoint elements. In the next two theorems we use the fact that a

minimal prime subgroup of a representable /-group is an /-ideal [6, Theorem 3.1].

Theorem 8.2. If G is a representable (abelian) l-group that satisfies property (F),

then G is l-isomorphic to an l-subgroup of a representable (abelian) l-group that

satisfies property (F) and is characteristically simple.

Proof. Let {¿A | A e A} be a basis for G. For each AeA, let MA be a minimal

prime subgroup of G such that ¿A £ A/A. We may assume that G^2 GA (X e A),

where GA = G/MA for each AeA. Note that each GA is an o-group. Define a total

order on A and use this to lexicographically order 2 © GA (A e A). Denote this

o-group by K. For each integer i, let Ki = Kand use the natural order of the integers

Z to lexicographically order 2 © Kt (i e Z) and call this o-group L. For each

AeA, let HK = L and let //=2 HK (X e A). Then H is characteristically simple and

G is /-isomorphic to an /-subgroup of H.

Theorem 8.3. Each representable (abelian) l-group G is l-isomorphic to an

l-subgroup of a representable (abelian) characteristically simple l-group.

Proof. Let {Mö | S e A} be the collection of minimal prime subgroups of G. If

A is finite, then Theorem 8.2 applies. Hence we assume that A is infinite.
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Let 2 = {AÔ I S e A} be a partition of A such that \A6\ = | A| for each S e A, and let

Z denote the set of integers. We define a partial order on A x Z by setting (8m, m) ?£

(8n, «) if and only if Sm = 8n and m = n or m<n and there exists Sm+1,..., 8n-x e A

such that 8meAôm + l, 8m+xe Aôm + 2,..., 8n-xe A6n. For keZ, we will call

{(8, k) | 8 eA} the kth level of AxZ. By definition, distinct elements on the kth

level are incomparable.

Let (8m, m), (8„, «), and (Sp, p) be elements of A xZ such that (Sm, «j)<(Sn, «)

and (8m,m)<(8p,p) and suppose that n^p. Then there exists Sm+1,..., Sn_1;

Am+i, •••, VjeA such that 8meAôm + L, Sm+1 e A6m+2,..., 8n-x e A6n and

Am£/fAm + 1,..., K-ie¿K- Since ® is a partition, we have that 8m+1 = Am+1,

Sm+2 = ^m+2) • • •> S„=An. Therefore (8n, n)i¿(8p,p) and it follows that AxZ is a

root system.

For (8, k) e A x Z, we define the cone beneath (8, k) to be {(A, m) | (A, m) á (S, &)}

and denote this set by (8, k)*. It is readily verified for (y,j), (8, k) eAxZ that

(y>7)* is o-isomorphic to (8, k)*.

Let F be a root in A x Z. Then F= {(Sfc, k)\keZ} for some subset {8fc | k e Z} of

A. Let A = U (8k, k)* (keZ). We assert that the group A(A) of o-automorphisms

of A acts irreducibly on A, i.e., given (y,j) and (A, /) e A, there exists n e A(A) such

that (y, j)it ^ (A, /). It suffices to show that given (y, j) e A and (8k, k)eT where

(y,j)<(8k,k), there exists it e A(A) such that (y,j)-rr = (8k,k). To do this it will

suffice to find tt e A(A) such that (A, k— l)iT = (8k, k) where (A, k— 1) is the unique

element in the (k— l)th level between (y,j) and (8k, k). Since there exists p e A(A)

such that (X, k—l)p = (8k_x, k-l), we may further suppose that (X,k—l) =

(8k_x, k— 1). Let 7rfc_! be an o-isomorphism mapping (8k_x, k— 1)* onto (8k, k)*.

We will construct an o-isomorphism nk of (8k,k)* onto (8k+x, k+l)+ with the

property that Trk\(8k_x, k— l)* = 7rfc_1. Let v be a one-to-one mapping of A6k onto

Aôlc + 1 suchthat 8k_xv = 8k. If ye Aôk\{8k_ x} let rry be an o-isomorphism of (y, k— l)%

onto (yv, k)* and let 77^ = ^-1- Let

^ = (U K I y e /í«»}) u i((8k, fc), (8*+i. ̂+ O)}-

Clearly 7rfc has the required properties. By induction we obtain a chain of functions

"■fc-i = "fc S . . . ç 7rfc+t Ç • • •

such that 7rfc+j is an o-isomorphism of (8k+i, k + i)* onto (8fc+i+1, k +i+ I)* and

such that

"k + lK^fc + t-i, fe + í— 1)*  = «•*+!-! 0' = 0, 1, 2, . . .).

Then 77=^^ (J=k— 1, Ä:, ik + 1,. .0 is the required function. Define a total

order on the set A and let TT be the direct sum of the o-groups G\M6 (8 e A). For

« £ 77, we define « > 0 if h6 > 0 where 8 is the largest element in the support of «.

Then TT is an o-group. For each A £ A, let T7A = 77. Then F(A, 77A) is an /-group
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[14], and clearly this group is representable. Let

L = {v e F(A, Hx) | there exists S1;..., 8n e A and

kx,...,kneZ such that Sv ç IJ (Ait x (k, -1})}.

Then F is an /-subgroup of F(A, //A). Let J be the /-subgroup of L consisting of

those elements whose support is contained in A6l x {0}. Then J is /-isomorphic to

FI H6 (Se A) since \A6l\ = |A|. If S e A, let r6 be the injection ofG/M6 into Hö. For

(.. .,x6,...)e\~\G¡M0, let (..., x6,.. .)t = (. .., x6t6, ...). Then t is an /-

isomorphism of n G/M6 into F] Hó. Since G is /-isomorphic to an /-subgroup of

F] G\Mà, we have an /-isomorphism of G into L. Since any element of .4(A) induces

an /-automorphism of F and ^(A) acts irreducibly on A, we have that L is

characteristically simple. Finally, if G is abelian, then so is L.

9. Examples and open questions.

Example 9.1. A nonarchimedean o-group G such that

(1) G is s-simple but not simple.

(2) G is self-injective.

Let G= K(A, Rx) where A is the set of integers with the natural order and RK is

the group of real numbers for each AeA. Clearly G is characteristically simple and,

for o-groups, this is equivalent to being ¿-simple.

To prove that G is self-injective, we need only to consider the case where F is a

proper /-ideal of G and cp is a nonzero /-homomorphism of F into G. Since Lisa

proper /-ideal of G, L = G(g) for some 0<g e G. Let « be the maximal component

of g in A. Each aeG has a unique representation of the form a = b + c where

Oi = ajfor i£n and /»¡ = 0for />«, c¡ = a¡for />« and c¡ = 0 for z'á«. Then be L. Let

m he the maximal component of gcp in A. Define a</> = bcp + cp, where (cp\ = 0 for

iHm and (cp)¡ = cn+i_m for i>m. A straightforward computation shows that </r is

an /-endomorphism of G.

Note that the root system A of this example satisfies condition (c) of Theorem 5.8.

Example 9.2. An example of an l-group G such that

(1) G is hyper-archimedean and G is l-isomorphic to G(g)for each 0<g e G.

(2) G is s-simple and cardinally decomposable, but not completely reducible.

(3) G is l-isomorphic to each nonzero cardinal summand.

Let A be the trivially ordered set of positive integers and let G consist of all those

functions v in V(A, Rx) (Rx = reals) which satisfy v¡ is an integer for each / e A and

there exists a positive integer n — n(v) such that t»( = yj + n for all ie A. It is easy to

show that G is an /-group and G = G(g) E g' for each 0<g e G. Thus G is hyper-

archimedean. Since the support of each 0<ge G is infinite, it follows that G is

/-isomorphic to G(g) for each 0<g e G. Since G has a strong unit, each cardinal

summand has a strong unit and so each cardinal summand is isomorphic to G.

Since G is not an o-group, there exists 0<a,beG such that aAb = 0. Thus

G(a + b) = G(a) E G(b). G is /-isomorphic to G(a + b) and therefore cardinally
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decomposable. This argument is valid for any /-group 77such that His /-isomorphic

to H(h) for each 0 < « e T7 and TT is not an o-group.

Let C be a proper /-ideal of G. Then C does not contain a strong unit of G. There

exists 0<a e C and 0<b eG\C such that a A b = 0 and a + b is a strong unit. Thus

G = G(a + b) = G(a) EB G(b). a = ax+a2 and b = bx+b2 where 0<ax,a2,bx,b2eG,

ax Aa2 = 0, bx Ao2 = 0. Since b $ Cwe may suppose (without loss of generality) that

CnG(b2)?G(b2). Now G = G(ax) EB G(«a) EB G(bx) EB G(/>2), and G(ßl) is /-

isomorphic to G(o2). Any /-isomorphism between G(ax) and G(b2) induces an

/-isomorphism t of G such that O^C n Ct^C. Thus G is s-simple.

No regular subgroup of G is a cardinal summand and so G is not completely

reducible.

Example 9.3. An example of a characteristically simple vector lattice that contains

a special element but is not finite valued (see Theorem 4.7).

First we construct a root system A from the root systems Ax and A2 given below.

Let Ax be the root system

and let A2 be the root system

nil

122

1222

To each y, attach a copy of A2 where we identify the point y, and 1. Let A be the

resulting root system.
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Note that for each a in A, the set {A e A | A ̂  a} is o-isomorphic to A2. Moreover,

if a, ß e A, then there exists an o-automorphism v of A such that ß < an. Let F be

the /-ideal of K(A, FA) that is defined in Lemma 4.6, where T?A is the group of real

numbers for each A e A. Then F has a special element and an element that has an

infinite number of values (in fact, infinitely many of both types). To show that F is

characteristically simple, it suffices to show that if 0<a,b e Fare special, then there

exists oeA(F) such that ao>b. Each of a and 6 has exactly one maximal com-

ponent in A, say a and ß respectively. There exists an o-automorphism tt of A such

that air>ß and tt induces an /-automorphism t of V(A, AA). If <t=t|F, then ao>b.

Example 9.4. An example of a characteristically simple l-group with a strong unit

that is not archimedean.

Let 3P(R) denote the /-group of o-permutations of the naturally ordered set of

real numbers. Let/E 0>(R) be defined by xf=x+ 1 and let G = {ge 3?(R) | gf=fg}.

It is known that G is a nonarchimedean simple /-group and /is a strong unit in G.

Example 9.5. An example of an l-group in which no principal convex l-subgroup is

characteristic but which has proper characteristic subgroups.

For each natural number «, let Rn denote the additive group of reals and let

G = ]~[Rn. Then no principal convex /-subgroup is characteristic, but 2 7x"„ is a

characteristic subgroup of G.

Example 9.6. Examples of characteristic subgroups of an l-group G.

(a) The radical, ideal radical, and distributive radical of G (see [7]).

(b) The lex-kernel (i.e., the join of all minimal prime subgroups) of G.

(c) The subgroup generated by the singular elements of G (s £ G is singular if

s>0 and if0^a<s,aeG implies that a A(s — a) = 0).

(d) If 5(G) is a normal subgroup of A(G), then the ^-socle is characteristic.

(e) The /-ideal F of Lemma 4.6.

(f) The subgroup generated by the convex o-subgroups of G

(g) The intersection of the maximal /-ideals or maximal convex /-subgroups of G.

(h) The convex /-subgroup generated by a characteristic subgroup of the group G.

(i) If A is an infinite cardinal and if A is the collection of all g e G + such that the

cardinality of any disjoint subset of G bounded by g is less than A, then [X] is

characteristic.

Example 9.7. Examples of characteristically simple l-groups.

(a) The periodic sequences of real numbers.

(b) For each natural number «, let Qn denote the additive group of rationals.

Then G = \~[ ß„/2 Qn is characteristically simple; in fact A(G) acts transitively on

the collection of nonunits of G.

(c) C(X) where X is compact with a transitive group of homeomorphisms.

(d) If A is a root system with property (c) of Theorem 5.8, then 2(A, T?A) and

F(A, T?A) are characteristically simple.

(e) If C is a maximal characteristic subgroup of G, then G/C is characteristically

simple.
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(f) (Bleier) A free abelian /-group of finite rank.

(g) The /-group ¿%(N) of all o-permutations of a totally ordered set N having

bounded support, where the o-permutation group of A acts irreducibly on N [17].

9.8. Let ¡f,3~,q¿,ir, and ~W denote the classes of simple, ¿-simple, characteristic-

ally simple, completely reducible, and completely ¿-reducible /-groups respectively.

We have noted in 3.8 that ygjc^ ¡n 3.11 that -f^W, and it is clear that

¥<^ir. The /-group of Example 9.1 belongs to 3~ but not r. Let g and R denote the

additive groups of rationals and reals respectively. Then Q E R belongs to y and

not <%. R E R belongs to <W ny and not $~.

We conclude by asking the following questions.

I. If G is an abelian l-group and if H is its divisible hull, then is G self-injective if

and only if H is self-injectivel

II. Does Theorem 7.4 hold for abelian l-groups as well as vector lattices ?

III. What can be said of s-simple l-groupsl

IV. If G = A E B is characteristically simple, then is A characteristically simple ?

V. If G is an archimedean l-group, can G be embedded in a characteristically

simple archimedean l-group ?
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