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Abstract. Characteristic subgroups of an /-group are those convex /-subgroups that
are fixed by each /-automorphism. Certain sublattices of the lattice of all convex /-
subgroups determine characteristic subgroups which we call socles. Various socles
of an /-group are constructed and this construction leads to some structure theorems.
The concept of a shifting subgroup is introduced and yields results relating the
structure of an /-group to that of the lattice of characteristic subgroups. Interesting
results are obtained when the /-group is characteristically simple. We investigate the
characteristic subgroups of the vector lattice of real-valued functions on a root system
and determine those vector lattices in which every l-ideal is characteristic. The auto-
morphism group of the vector lattice of all continuous real-valued functions (almost
finite real-valued functions) on a topological space (a Stone space) is shown to be a
splitting extension of the polar preserving automorphisms by the ring automorphisms.
This result allows us to construct characteristically simple vector lattices. We show
that self-injective vector lattices exist and that an archimedean self-injective vector
lattice is characteristically simple. It is proven that each /-group can be embedded as an
I-subgroup of an algebraically simple /-group. In addition, we prove that each
representable (abelian) /-group can be embedded as an /-subgroup of a characteristic-
ally simple representable (abelian) /-group.

1. Introduction. A convex /-subgroup C of an /-group G is called characteristic
if Cr=C for each l-automorphism = of G. In this paper we investigate the character-
istic subgroups of G and in the process construct various characteristically simple
l-groups.

Let €(G), £(G) and 2°(G) be the lattices of all convex /-subgroups, /-ideals, and
characteristic subgroups of G, respectively. Each lattice determines a socle for G—
namely the cardinal sum of all the atoms. Each of these socles is a characteristic
subgroup of G. Here the fact that complements of cardinal summands in an /~group
are unique enables one to obtain much more theory than one gets for groups or
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abelian groups. In §2 we give a construction that produces all of the above socles
and more. This leads to various structure theorems for G. For example, for an
l-group G (representable /-group G) the following are equivalent:

(a) G is characteristically simple and contains a minimal /-ideal.

(b) G is a cardinal sum of /-isomorphic simple /-groups (simple o-groups).

(c) G is characteristically simple and completely reducible.

An element C € %(G) is called shifting if Cr=C or Cr N C=0 for each I
automorphism 7 of G. In particular, each characteristic subgroup is shifting and,
if C € (G) is minimal with respect to being a convex l-subgroup, l-ideal, polar,
lex-subgroup, or a cardinal summand, then C is an s-subgroup. This concept allows
us to identify characteristically simple /-groups. In fact, a characteristically simple
I-group G is a cardinal sum of /-isomorphic s-simple s-subgroups. Moreover, these
summands together with G and O are all the s-subgroups of G. Thus if G is
characteristically simple, then each s-subgroup is a cardinal summand, and we say
that G is completely s-reducible. In Theorem 3.23 we derive eight conditions each of
which is equivalent to G being completely s-reducible—for example, #°(G) is a
complete Boolean algebra; each characteristic subgroup is a cardinal summand;
G is a cardinal sum of s-simple s-subgroups.

In §4 we investigate characteristically simple /-groups. In order to identify such
groups one needs to know something about the group 4(G) of all l-automorphisms
of G. In §6 we investigate 4(G) when G = C(X), the vector lattice of all continuous
real-valued functions on a topological space X or G= D(X), the vector lattice of all
almost finite real-valued functions on a Stone space X. In either case A(G) is a
splitting extension of the polar preserving automorphisms of G by the ring auto-
morphisms of G and this result allows us to construct characteristically simple
vector lattices.

One of the main results about abelian -groups asserts that each such group can be
embedded in a vector lattice V'=V(A, R,) of real-valued functions. In §5 we
investigate the characteristic subgroups of V. We also determine those V’s for which
every J-ideal is characteristic.

It is known that the category of vector lattices does not admit any injectives. In
§7 we show that self-injectives do exist and that an archimedean self-injective vector
lattice is characteristically simple. We also take a look at the relationship between
hyper-archimedean and self-injective vector lattices.

In §8 we prove that each /-group G can be embedded in an algebraically simple
l-group and hence in a characteristically simple /~group. Moreover we show that
each representable (abelian) /-group can be embedded in a representable (abelian)
characteristically simple /-group. The last section consists of examples that show
the extent as well as the limitations of our theory.

2. The socles of an /-group. We will denote by A(G) the group of l-auto-
morphisms of the I-group G. A convex l-subgroup C of G is said to be characteristic
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if Cr=C for each r € A(G). G is characteristically simple if the only characteristic
subgroups of G are G and 0, and G is simple if G and O are the only /-ideals of G. If
{Gx | A€ A} is a collection of /l-groups, then > G, (I'] G,) denotes the cardinal sum
(cardinal product) of the l-groups G,. In case A={l,2,...,n}, we will write
G, H G, @ --H G, instead of > G,. If T is a subset of G, then [T] denotes the
subgroup of G that is generated by T and T’ denotes the polar of T, that is T’ =
{xeG||x|A|t]|=0 for all teT}. G is said to be representable if there is an I-
isomorphism of G into a cardinal product of totally ordered groups. It is well
known that an /-group G is representable if and only if each (principal) polar of G
is an l-ideal. Throughout this paper €(G) (£(G), 2 (G)) will denote the lattice of all
convex /-subgroups (/-ideals, characteristic subgroups) of G.

Let & be a property possessed by certain convex l~subgroups of G; for example,
the property of being normal, characteristic, a polar, etc. Let #(G) denote the
collection of all convex /-subgroups with property . An element of &(G) will be
called an S-subgroup. If #(G) consists only of G and 0, then we shall say that G is
&-simple. For the remainder of this section we suppose that #(G) is a complete
sublattice of ¥(G) containing G and 0 and such that

(i) If Ce £L(G), then C’ € £(G).

(ii) If G=A4 B B and C € #(G), then C N 4 € F(A).

(iii) If G=A4 @ B and 4 is an atom in #(G), then 4 is &-simple.

Let {C; | i € I} be the set of all atoms in &#(G). Then C, N C,=0 for i#j, and
hence \/ C,=3 C;,and, of course, \/ C; € #(G). Weshallcall \/ C,the ¥-socle of G.

ProroSITION 2.1. €(G), #(G), and A (G) are complete sublattices of €(G)
containing G and 0 and satisfying conditions (i), (ii), and (iii) above. Moreover

(a) Each atom in 6(G) is an archimedean o-group and hence o-isomorphic to a
subgroup of the reals.

(b) Each atom in X' (G) is a characteristically simple I-group.

(©) If A is an atom in £(G) and a cardinal summand of G, then A is a simple I-
group. If, in addition, G is representable, then each atom in £(G) is an o-group.

Proof. Clearly 4(G) and Z(G) satisfy (i), (ii), and (iii). If C € #"(G) and = € A(G),
then C'r=(C7)’=C’ and hence (i) is satisfied. Suppose that G=A4 [ B, let
C e X(G), and let « be an /-automorphism of A. Let = be the extension of « to G
such that = induces the identity on B. Then (4 N Cla=(A4 N C)r=Ar N Cr=
A N C. Thus A N C e A (A) and hence (ii) is satisfied. Since each atom in X#(G) is
characteristically simple, (iii) is satisfied.

(a), (b), and the first part of (c) are clear. Suppose that G is representable and let
A be an atom in #(G). If 0<a € A4, then &’ is an l-ideal and a ¢ @’. Thus 4 N a’ =0.
It follows that A contains no pair of disjoint elements and is therefore an o-group.

THEOREM 2.2. For an l-group G, the following are equivalent:
(a) Each C e &(G) is a cardinal summand.
(b) G is the F-socle of G.
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(¢) G is a cardinal sum of &-simple I-groups.

(d) G is a join of atoms from £(G).

(e) F(G) is a complete, atomic, Boolean algebra.
(f) F(G) is a Boolean algebra.

Proof. (a) implies (b). Suppose (by way of contradiction) that G# S where S
denotes the S-socle of G. Let a € G\S and let T be maximal in & (G) with respect to
S<Tand a¢ T; and let R be the intersection of all members of #(G) that properly
contain 7. Then Re £(G). Now G=TH K and so R=(RNT)EH (RN K)=
T @ (R N K). Clearly (R N K) must be an atom in #(G), but this implies that
RN K= S<T, a contradiction. Thus S=G.

(b) implies (c). This is an immediate consequence of (iii).

(c) implies (d). Suppose that G=3 G, (A € A), where each G, is an &-simple
l-group. If Te &(G), then T=3 (G, N T) (A€ A). By (ii), G, N T € &(G,) and,
since G, is #-simple, we have for each A € A that G, " T=0 or G, N T=G,. Let
Ao € A and let T, be the &-subgroup of G generated by G,,. Then T),=3 G,
(8 e A< A). We prove that T,, is an atom in &(G). Suppose (by way of contra-
diction) that C € #(G) and 0#C<T,,. Then C=3 G, (yeT’, I'cA) and A, ¢ I.
By (i) C'=> G, (Ae A\I") e #(G), and so T),=C’. From this we conclude that
C<C’, which is a contradiction since C#0. Thus T, is an atom in &(G). It follows
that G is the join of atoms in &(G).

(d) implies (¢). If S; and S; are distinct atoms in &(G), then S; N S;=0 and so
G=3 S, (jeJ), where {S, | j € J} is the set of all atoms in F(G). If T € #(G), then
T=3(S;,NnT)(jeJ) and S, T=0 or S; N T=S,. Thus &(G) is isomorphic to
the set of all subsets of J.

The implications (e) implies (f) and (f) implies (a) are trivial.

Note that we do not assume that the summands of part (c) of Theorem 2.2 are
elements of &(G) (see Example 9.2). We leave it to the reader to formulate the
special cases of the theorem when #(G)=%(G), £(G), or X (G). Note that the
atoms in each of these three cases are described in Proposition 2.1.

An Il-group G is said to be completely reducible if each l-ideal of G is a cardinal
summand. Thus we have shown that G is completely reducible if and only if G is a
cardinal sum of simple /-groups. If this is the case, then G is abelian if and only if
%(G)=<%(G). An abelian l-group is completely reducible if and only if it is a
cardinal sum of subgroups of the reals. A representable /-group is completely
reducible if and only if it is a cardinal sum of simple o-groups. These facts are, of
course, immediate consequences of Proposition 2.1 and Theorem 2.2.

COROLLARY 2.3. For an l-group G, the following are equivalent:

(a) G is characteristically simple and €(G) contains an atom.

(b) G is a cardinal sum of o-isomorphic archimedean o-groups.

(c) G is characteristically simple and each convex l-subgroup of G is a cardinal

summand.
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Proof. (a) implies (b). Let #(G)=%(G). If S is the &-socle of G, then S#0 and
is a characteristic subgroup of G. Hence G=S=3 S,, where {S; | i € I} is the set of
atoms of ¢(G). By Proposition 2.1, each S; is an archimedean o-group and, since
G is characteristically simple, S; is o-isomorphic to S, for i, je I.

The implications (b) implies (c) and (c) implies (a) follow from the theorem.

COROLLARY 2.4. For an l-group G (representable I-group G) the following are
equivalent

(a) G is characteristically simple and contains a minimal l-ideal.

(b) G is a cardinal sum of l-isomorphic simple I-groups (simple o-groups).

(c) G is characteristically simple and completely reducible.

Proof. Let #(G)=2(G) and proceed as in Corollary 2.3.

COROLLARY 2.5. For an l-group G, the following are equivalent:
(a) G is characteristically simple and contains an atom.
(b) G is a cardinal sum of cyclic o-groups.

Proof. (a) implies (b). If 0<x is an atom in G, then [x] is an atom in ¥(G) and
hence, by Corollary 2.3, G=3 S;, where the S;’s are o-isomorphic archimedean
o-groups, and clearly one of them is [x].

The implication (b) implies (a) is trivial.

THEOREM 2.6. If there exists a set of maximal -subgroups of G which are polars
and whose intersection is zero, then there exists an l-isomorphism = of G such that

DG sGrs [ ]Gy
where each G, is an atom in F(G). In particular, 3, G, is the ¥-socle of G.

Proof. Suppose that M=M" is a maximal &-subgroup. Then M’'#0 and
M<M @E M’ e £(G). Since M is maximal in #(G), we conclude that G=M [ M'.
Now let {G* | A € A} be a collection of maximal &-subgroups such that G*=(G*)"
and (M) G*=0. For each A e A, G=G, @ G* where clearly G, is an atom in £(G).
Each g € G has a unique representation of the form g=g, +g*, where g, € G, and
g" € G. Then the mapping = given by g —gr=(..., g,...) is an l-isomorphism
of G into [ G,. If « and B are distinct members of A, then G, N Gz=0 since G,
and G; are distinct atoms in #(G). Let g € G, and A € A (A#«). Then G, N G,=0
implies that G,= G, =G". Thus g=g,+g*=0+g. Therefore > G,=Gr.

We give a method for producing other &-socles for an J-group G. Let S be a
function that assigns to each subgroup C of G a subgroup S(C) of A(C) such that

(@) If G=CH D and « € S(C), then « can be extended to an element of S(G)
that is the identity on D.

(b) If G=C @ D and Cr=C for some 7 € S(G), then 7|C € S(C).

PROPOSITION 2.7. Let S be defined as above and let #(G)={C € ¢(G) | Cr=C for
each v € S(G)}. Then S (G) is a complete sublattice of €(G) that contains G and 0
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and satisfies (i), (ii), and (iii). Moreover, if S; and S, satisfy (a) and (b) above and if
F(G)={C e €(G) | Cr=C for each 7 € S(G)} (i=1, 2), then £(G) N F(G) satisfies
the conclusions of the proposition.

Proof. Note that X (G)< #(G), hence G and O are elements of F(G). If
{C/|ie}< #(G) and 7€ S(G), then (\/ C)r=V (Cir)=V C; and (A C)r=
N\ (Cir)= A C,. Therefore #(G) is a complete sublattice of €(G).

If C € #(G), then Cr=C for all 7 € S(G) and so C'r=(Cr)'=C’ for all € S(G)
and hence C’' € #(G). Let G=A4 @ B, C € ¥(G), and « € S(A4). Then, by (a), « can
be extended to an element = € S(G) that is the identity on B. Thus (C N A)a=
(CN A)r=Cr N Ar=C N A. Therefore C N 4 € #(A). Suppose that G=4 H B
and that 4 is an atom in &(G). Let 0# D € #(A4) and 7 € S(G). Then a=17|4 € S(A4)
and so Dr=(D N A)r=(D N A)a=Da N Ae=D N A=D. Thus D € ¥(G) and it
follows that D= A. Therefore A is &%-simple.

Clearly %(G) N “(G) is a complete sublattice of ¥(G) containing 0 and G and
satisfying (i), (ii), and (iii).

Note that if S(G)= A(G), then ¥ (G)=H"(G); if S(G)=1(G), the group of inner
automorphisms of G, then &(G)=2(G); and if S(G) consists only of the identity
of A(G), then &(G)=%(G). Another example of S(G) that satisfies (a) and (b) is

P(G) = {a € A(G) | x A y = Oimplies x A ya = O for all x, y € G}.

This is the group of polar preserving automorphisms of G which we will investigate

at some length in §6.
In the following proposition, we use the notation established above.

ProPOSITION 2.8. If S(G)=P(G), then the following are equivalent:
(1) G is the $-socle of G.

(2) G is the cardinal sum of characteristically simple o-groups.

(3) L(G) consists of polars.

(4) F(G) is a complete, atomic, Boolean algebra.

Proof. (1) implies (2). G=> G; (i € I) where each G, is an atom in &#(G). Thus
each atom is a polar and hence a minimal polar, but a minimal polar in an /-group
is an o-group. Thus each G, is an o-group. Each characteristic subgroup of G;
belongs to #(G) and so G, is characteristically simple.

(2) implies (3). If H is an o-group, then P(H)= A(H). Thus a characteristically
simple o-group is #-simple. By Theorem 2.2, each Cin #(G) is a cardinal summand
and hence a polar.

(3) implies (4). £(G) is the set of all polars and also a complete sublattice of
%(G). But the collection of polars is a Boolean algebra, and hence, by Theorem 2.2,
&(G) is a complete, atomic, Boolean algebra.

(4) implies (1). This is immediate from Theorem 2.2.

Note that if (1) through (4) hold, then each polar of G is a cardinal summand and
so the polars form a sublattice of #(G). The following example shows that this
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condition does not, in general, imply that the polars form a complete sublattice of
Z(G). Let G=T] G, (A€ A), where A is an infinite set and each G, is a nonzero
o-group. For each A € A, let

C,={geG|g, =0fory # A}

Then \/ C,=> G, and is not a polar, and so the polars do not form a complete
sublattice of £(G). Consider a polar T and let

A = {XA e A | the projection of T into G, is not zero}.

Then T<{ge G | g,=0 for all Ae A\A}=(\/ C;)" (6 €A). If 0<¢t e T with #,>0,
then 8 € A, and since T'is convex, g=(. .., 0,4,0,...)belongsto T. Thus C;=g"<T,
hence T2/ C, and so T=T"2(\/ C,)". Therefore T is a cardinal summand of G.

ProposiTION 2.9. (1) If S(G) is a normal subgroup of A(G), then each Il-auto-
morphism of G permutes the elements in ¥(G), and, in particular, the &-socle is
characteristic.

(2) If each l-automorphism of G permutes the elements in #(G), then S(G) and the
normal subgroup of A(G) that is generated by S(G) determine the same ¥(G).

Proof. (1) Let € A(G) and C € #(G). If o € S(G), then 707! € S(G) and so
Cror~1=C. Therefore Cro=Cr for all o € S(G) and so Cr € £(G).

(2)If 6 € S(G), 7 € A(G), and C € #(G), then Cror~*=Crr~1=Csince Cr e F(G)
by our hypothesis. Thus each conjugate of an element in S(G) fixes each element of
&(G) and the desired conclusion follows.

REMARKS. (1) For all of our examples S(G) is normal in A(G).

(2) If S(G)={«c A(G) | G(g)e=G(g) for all g e G}, the group of generalized
contractors, then #(G)=%(G) and each subgroup of S(G) gives the same F(G).

We conclude this section with a construction that is essentially given in [19] and
will yield a dual Galois correspondence between certain characteristic subgroups of
an /-group G and the normal subgroups of A(G).

If H is a subgroup of G, let

Hyp ={re A(G) | —x+x7€ H for all x e G},
and if K is a subgroup of 4A(G), let
Kv = [{—x+x7| x€ G and 7€ K}],

and let Kp be the convex /-subgroup of G generated by Kv. The verification of the
next four propositions are similar to those given in [19] and will be omitted.

2.10. Hyp is a subgroup of A(G).
2.11. Kp is an l-ideal of G.
2.12. If K is a normal subgroup of A(G), then Kp is a characteristic subgroup of G.

2.13. If H is a characteristic subgroup of G, then Hu is a normal subgroup of
A(G).
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Note that for any subgroup K of A(G), Kpp=2 K and, for any convex /~subgroup
H of G, Hup< H. It follows that Kpup=Kp and Hupu= Hu. Thus we have the
following theorem.

THEOREM 2.14. There is a one-to-one correspondence between the characteristic
subgroups of G of the form Kp and the normal subgroups of A(G) of the form Hp.

3. Shifting subgroups. A convex l-subgroup C of G is called a shifting subgroup
(s-subgroup) if for each 7 € 4(G) either Cr=C or Cr N C=0. G is said to be s-
simple if G and 0 are the only s-subgroups of G. G is completely s-reducible if each
s-subgroup of G is a cardinal summand. Clearly any characteristic subgroup is an
s-subgroup. In addition, if C € ¥(G) and C is minimal with respect to being a convex
l-subgroup, l-ideal, polar, lex-subgroup (defined in §4), or cardinal summand, then
C is an s-subgroup.

We list below several assertions concerning s-subgroups, most of which are
easily proven.

3.1. If Cis an s-subgroup of G and if 7 € A(G), then C= is an s-subgroup of G.

3.2. If D is an s-subgroup of C and C is an s-subgroup of G, then D is an s-
subgroup of G.

3.3. If C is an s-subgroup of G, then so is C”".

3.4. If G=A H B and Cis an s-subgroup of G, then C N A4 is an s-subgroup of 4.
Thus the set 2(G) of all s-subgroups of G satisfies (ii) and (iii) of our definition of
Z(G).

3.5. The intersection of an arbitrary collection of s-subgroups of G is an s-
subgroup. Thus 2(G) is a complete lattice with respect to inclusion. In general
2(G) is neither modular nor a sublattice of €(G).

3.6. If Cis a nonzero characteristic subgroup of G and if D is an s-subgroup of G
containing C, then D is characteristic. Thus the collection of nonzero characteristic
subgroups of G is a dual ideal of the lattice 2(G).

3.7. If C is an s-subgroup of G, then \/ {C7| 7€ A(G)}=3 Cr, (i€ I) where
{7, | ie I} is a system of representatives of the cosets of that subgroup of A(G)
consisting of those /-automorphisms that fix C.

3.8. If G is simple, then G is s-simple. If G is s-simple, then G is characteristically
simple. .

Proof. If Cis a nonzero s-subgroup of a simple /-group G, then \/ {C7 | = € A(G)}
is a characteristic subgroup of G. Thus G=3 Cr; (as in 3.7) and so C is a cardinal
summand of G. Therefore C is normal in G and so C=G. The second assertion is
clear.

3.9. A characteristically simple o-group is s-simple and conversely.

3.10. If G is completely reducible and s-simple, then G is simple.

Proof. Suppose (by way of contradiction) that A4 is a proper /-ideal of G and
choose g € G\A. Let M be an l-ideal that is maximal with respect to A< M and
g ¢ M, and let K be the intersection of all /-ideals of G that properly contain M.
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Now G=M B L and so K=M B (K N L). Clearly K N L is a minimal /-ideal of G
and hence an s-subgroup. From this we conclude that G is simple.

3.11. If G is completely reducible, then G is completely s-reducible.

Proof. Let C be a proper s-subgroup of G. Then K=\/ {Cr | 7€ A(G)}=3 Cr,
is an [-ideal of G and hence G=K B D. Thus C is a cardinal summand of G.

3.12. A prime s-subgroup C is either characteristic or totally ordered. (M € €(G)
is prime if a, b € G*\M implies aAb>0.)

Proof. If 7 € A(G) and C N Cr=0, then Cr< C’ and so (see [11, Theorem 2.1])
C' is totally ordered.

An element C of €(G) is said to be closed if for each subset {g; | i € I} of C for
which g=\/ g, (i € I) exists in G, it follows that g € C. In particular, each polar is
closed. Also if D € €(G), then the intersection of all closed subgroups of G con-
taining D is closed, and is called the closure of D.

3.13. The closure of an s-subgroup (characteristic subgroup) is an s-subgroup
(characteristic subgroup).

Proof. Let C be an s-subgroup and let D be the closure of C. Then D* =
{geG|g=V g for some subset {g; | i € I} of C*} [7, Lemma 3.2]. Suppose that
7€ A(G)issuchthat D N Dr#0.If0<d e D N Dr,thenthereexists{c; | ie[}=C+
and {d,|jeJ}=C* such that d=\/¢; (iel) and d=\/ (d;r) (jeJ). Thus
0<d=dAd=\/ (c;Ad;7) (i€ I, jeJ). Clearly then C N C73£0, for otherwise d=0.
Thus C=Cr and so D= Dr.

THEOREM 3.14. If G is a characteristically simple I-group, then G=3 C, (A€ A)
where the C\’s are l-isomorphic, s-simple s-subgroups of G. Thus the proper s-sub-
groups are trivially ordered and consist of {C, | A€ A} if |A|22.

Proof. If G is s-simple, the theorem holds. Otherwise, let C be a proper s-
subgroup of G. Since \/ {Cr | 7 € A(G)} is a characteristic subgroup of G, G=3 Cr,
where {r; | i € I} is a subset of A(G). Suppose (by way of contradiction) that K is
a proper s-subgroup of G that properly contains C. If i € I and if Cr; N K#0, then
K7, n K+#0 and so K= K7, whence Cr,< K. Now

K= (KNnCr) (ieD

=>((KNCr)=2Cr, (jeJs])
where J={ie I | Cr; " K#0}. Since C=K<G, we have |J|22 and J<I. Let jeJ
and i € I\J. Then the transposition (i, j) induces an /-automorphism 7 of G such that
0# K N Kr#K, contradicting the assumption that K is an s-subgroup of G.
The above argument shows that the proper s-subgroups of G are trivially
ordered. Thus, because of 3.2, we have that each proper s-subgroup is s-simple. All
of the conclusions of the theorem then follow.

COROLLARY 3.15. A characteristically simple I-group which is cardinally in-
decomposable is s-simple.

COROLLARY 3.16. If G is characteristically simple, then G is completely s-reducible.
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COROLLARY 3.17. If C and D are proper s-subgroups of G with C< D, then G is not
characteristically simple. In fact,\/ (Cr | v € A(G)}is a proper characteristic subgroup
of G.

COROLLARY 3.18. If G is characteristically simple and contains a nonzero abelian
s-subgroup C, then G=3 C,, where the C)’s are l-isomorphic, abelian, s-simple
I-groups. In particular, G is abelian.

THEOREM 3.19. Suppose the collection {C, | X € A} of all proper s-subgroups of G
is trivially ordered and that |A|Z2. Then either G is characteristically simple or
G=C | D, where C and D are s-simple characteristic subgroups of G that are not
l-isomorphic, and |A|=2.

Proof. For y, Ae A (y#2), C, N C,=0. Hence \/ {C, | Ae A}=3 C, (A€ A).
Moreover, > C, is a characteristic subgroup of G. Since |A|=2and {C, | A€ A}is
trivially ordered, we have that G=3 C,. Suppose that Ce{C, | Ae A} is not
characteristic. Then G=3 Cr; where {7, | i € I}< A(G), and it follows that there is a
one-to-one correspondence f between I and A such that Cr;=C;;. Since Cr, is not
characteristic for each i € I, it follows that G is characteristically simple.

If some Cin {C, | A € A} is characteristic, then from the above each C, (A€ A) is
characteristic. Since {C, | A € A} is trivially ordered, {C, | A € A}={C, D} where C
and D are s-simple /-groups that are not J-isomorphic and G=C @ D.

THEOREM 3.20. For each X in an indexing set A, let G, be a completely s-reducible
l-group. Then G=73, G, (A € A) is completely s-reducible.

Proof. Let C be a nonzero s-subgroup of G and let I'={A e A | G, N C#0}. For
each yeI', C N G, is an s-subgroup of G,, since each element of A4(G,) can be
extended to an element of 4(G). Therefore G,=(C N G,) B D, for some lideal D,
of G,. Thus

G= > GH@ D G

(AeA\D) (yel)
= > GHEY (CNnG)BD)= > GED D,AEC.
(AeA\D) (yel’) AeA\l yel'

Thus C is a cardinal summand of G and hence G is completely s-reducible.

THEOREM 3.21. Let H be a characteristically simple l-group and, for each A € A,
let Hy=H. Then G=> H, (X € A) is characteristically simple. If H is s-simple and
G is not s-simple, then {H, | A € A} is the collection of proper s-subgroups of G. If
|A|>1 and H is simple, then each H, is an s-subgroup of G and hence G is not
s-simple.

Proof. If K is a nonzero characteristic subgroup of G, then K N H, #0 for some
A e A. Since K N H, is a characteristic subgroup of H,, we have that K N H,=H,.
For any y € A, there exists 7 € A4(G) such that Hyr=H,. Thus H,=K forallye A
and so G=K.
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Next suppose that H is s-simple and that C is a proper s-subgroup of G. Then
C N H,#0 for some Ae A and since C N H, is an s-subgroup of H,, we have
that C N H,=H,. C can have a nontrivial intersection with only one H,, for
otherwise there exists an /-automorphism 7 of G such that 0#C7 N C#C. Thus
C=H,. Since each permutation of A induces an /l-automorphism of G, it follows
that {H, | A € A} is the collection of proper s-subgroups of G.

If |A| > 1 and H is simple, then for each r € A(G), Hyr N H, is an l-ideal of H,.
Thus Hy» " H,=0 or Hy,» " H,=H, and so each H, is an s-subgroup of G.

THEOREM 3.22. An l-group G is completely s-reducible if and only if G=73 C,
(A€ A), where each C, is an s-simple s-subgroup of G.

Proof. If G=3 C, (A € A) where each C, is s-simple, then by Theorem 3.20, G is
completely s-reducible.

For the converse, we may suppose that G is not s-simple; for otherwise the
desired conclusion follows easily. We first show that G must contain proper s-simple
s-subgroups. If G is characteristically simple, then, by Theorem 3.14, G has proper
s-simple s-subgroups. If G is not characteristically simple, then G contains character-
istic subgroups K and L such that 0#K#G and L covers K in the lattice of
characteristic subgroups of G. Since G is completely s-reducible, G=K [ K; and
so L=K M (L N K;). Clearly L N K is a proper characteristic subgroup of G and is
characteristically simple. If L N K is s-simple, we have a proper s-simple s-subgroup
of G. If L n K, is not s-simple, let S be a proper s-subgroup of L N K;. Then, by
Theorem 3.14, S is s-simple. Clearly S is an s-subgroup of G.

Now let # ={C, | A € A} be the collection of all proper s-simple s-subgroups of G.
Then, since each C, is a cardinal summand of G, it follows that ./ is a disjoint
collection, that is C, N C,=0 if A, ye A, A#y. Thus M=\ A =3 C, (A€ A).
Clearly M is a characteristic subgroup of G, and so G=M [ M, where M, is also
characteristic. Since M, is also completely s-reducible, M, is either s-simple or
contains proper s-subgroups of G. The latter case is contradictory and so M, is
s-simple. If M,+#0, then M, € # and so M,< M, another contradiction. Thus
M;=0and G=M=73 C, where each C, is an s-simple s-subgroup of G.

THEOREM 3.23. For an I-group G, the following are equivalent:

(a) G is completely s-reducible.

(b) G=2 C, (A€ A), where each C, is an s-simple s-subgroup of G.
(c) Each characteristic subgroup is a cardinal summand.

(d) 2(G) is a complemented lattice.

() G=3 K;, where{K; | 8 € A} is the set of minimal characteristic subgroups of G.
(f) G is a cardinal sum of characteristically simple I-groups.

(2) G is the join of minimal characteristic subgroups.

(h) A(G) is a complete, atomic, Boolean algebra.

(i) A(G) is a Boolean algebra.
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Proof. (a) and (b) are equivalent by Theorem 3.22, and (c), (e), (f), (g), (h), and
(i) are equivalent by Theorem 2.2.

(b) implies (c). Let 0+ K be a characteristic subgroup of G. Then K N C, is an
s-subgroup of the s-simple s-subgroup C, for each A € A, and it follows that K is a
cardinal summand of G.

(c) implies (d). Let C be a proper s-subgroup of G and let K=\/ {C7 | 1€ A(G)}=
> C,. Then Kis characteristic and hence G= K [ D, where D is also characteristic.
If D+#0, then D is a complement of Cin 2(G). If D=0, then |I| > 1, as Cis a proper
s-subgroup. In this case, any Cr;# C is a complement of C in 2(G).

(d) implies (a). Let C be a proper s-subgroup of G. Let K=\/ {C7 | 7 € A(G)}=
> Cr;. Since K e X(G)=2(G), there exists a complement D of C in 2(G). Let
L=\/ {D7| € A(G)}. Since K is characteristic and KN D=0, we have that
KN L=0. Both K and L are characteristic and hence so is K [ L. It follows that
K B L is the join of K and L in 2(G) and hence G=K [ L. Thus C is a cardinal
summand of G.

COROLLARY 3.24. Each s-subgroup of a completely s-reducible l-group G is either
characteristic or an atom in 2(G).

Proof. G=3, C, (A€ A) where each C, is an s-simple s-subgroup of G. Suppose
that S is a nonzero s-subgroup of G and that S+ C, for any Ae A. Then S=
>(Chn S)=3 C, where 8 e Ac A and |A| Z2. If S is not characteristic, then there
exists 7 € A(G) such that Cs7=C, for some A € A\A. Then the transposition (3, A)
induces an /-automorphism 7, of G such that 0#S N S7;#S, and this is a
contradiction.

COROLLARY 3.25. Let G be a completely s-reducible I-group, let {C, | A € A} be the
collection of proper s-subgroups of G, and suppose that |A|>2. Then 2(G) is a
Boolean algebra if and only if 2(G)=X(G).

Proof. Suppose that Z(G) is a Boolean algebra, let Ce{C, | Ae A}, and let
K=\ {Ct| 7€ A(G)}=3 Cr; (i€ I). Then there exists a unique D € 2(G) such
that G=K @ D. If D#0, then C [ D is a characteristic subgroup of G that
contains C. Hence KEC B Dandso K=KN (CH D)=(Kn C)H (Kn D)=C.
Thus®C € X'(G). Suppose (by way of contradiction) that D=0. Then K=G and
|I| > 1. If |I| =2, then since C is an atom in 2(G), we have |A| =2, a contradiction.
Thus |I|>2. Let i, j, and k be distinct elements of 1. Then Cr, and Cr; are distinct
complements of Cr, in 2(G), a contradiction. The converse is immediate from the
theorem.

We conclude this section with the remark that the concept of an s-subgroup is
lattice theoretic; that is, if L is a lattice with 0, then an element x of L is a shifting
element of L if x=xm or x A xm=0 for each lattice automorphism = of L. Note that
each atom in a lattice is a shifting element.
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4. Characteristically simple /-groups. We derive some results that are, for the
most part, corollaries to the theorems in the last two sections. First we supply
some needed definitions.

Let G be an /-group and let C € €(G). G is a lex-extension of C provided that C
is prime and g € G*\C implies that g > C. If, in addition, G# C, then G is a proper
lex-extension of C. C is a lex-subgroup of G if it is a proper lex-extension of some
D € ¢(G). If, in addition, C admits no proper lex-extension in G, then we say that
C is a maximal lex-subgroup of G. A lex-subgroup C that is not properly contained
in any other lex-subgroup is an s-subgroup (see [10, Proposition 3.1]).

A polar C of G is called principal provided that C=a" for some a € G. An element
s of G is basic if s>0 and {x € G | 0=<x =<s} is totally ordered. It follows that s” is a
maximal convex o-subgroup of G and hence a maximal lex-subgroup. Also s” is a
minimal polar and each minimal polar is of this form. A subset S of G is a basis for
G if S is a maximal set of pairwise disjoint elements and each s € S is basic.

THEOREM 4.1. For a characteristically simple I-group G (#0), the following are
equivalent

(a) G has a minimal polar.

(b) The collection of lex-subgroups of G contains a maximal element.

() G=3 C; (iel) where the Cs are o-isomorphic characteristically simple
0-groups.

(d) G has a basis.

(€) G has a basic element.

(f) Each principal polar is a cardinal summand and G has a closed prime subgroup
other than G.

Proof. (a) implies (b). Let P be a minimal polar of G. By Theorem 3.14, G=3 C,
(A € A) where the C,’s are s-simple s-subgroups of G. There exists y € A such that
C, N P#0. Since P is an s-subgroup of G and C, is s-simple, we have C, N P=C,
and so C,=P. Now C, is a polar and the minimality of P implies that C,=P. Thus
C, is totally ordered. Since a lex-subgroup is cardinally indecomposable, it follows
that C, is maximal in the collection of lex-subgroups of G.

(b) implies (c). Let L be maximal in the collection of lex-subgroups. Again
G=3 C, (A€ A) where the C,’s are l-isomorphic s-simple s-subgroups of G. Since
L is an s-subgroup, C,< L for some y € A; and since L is cardinally indecomposable,
L=C,. Thus L is s-simple and hence the convex /-subgroup of L generated by the
nonunits of L, the lex-kernel of L is trivial [10, Theorem 2.1]. Therefore L is an o-
group and so condition (c) follows.

(c) implies (d) and (d) implies () are trivial.

(e) implies (f). Let s be a basic element of G. Again G=3 C, (A € A), where the
C\’s are l-isomorphic s-simple s-subgroups of G. Clearly there exists y € A such that
s € C,. It follows that s”"=C, and so each of the C,’s is totally ordered. It is then
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clear that each principal polar is a cardinal summand and that G contains a closed
prime subgroup M #G.

(f) implies (a). Let M (M #G) be a closed prime subgroup of G. Since each
principal polar is a cardinal summand, G is representable. Let 0 <g € G\M and let
C be a convex l-subgroup of G containing M that is maximal with respect to g ¢ C.
Then C is closed [7, Lemma 3.3] and C contains a unique minimal prime subgroup
Nand N=UJ b’ (be G*\C) [13, Proposition 5.4], and clearly N=J b’ (b€ G*\C,
b=<g). Let C* be the unique convex l-subgroup of G 'that covers C. Since G is
representable, C is normal in C* [6, Corollary 3.2]. Let b e G*\C, b<g. Since C*/C
is an archimedean o-group, there exists an integer n such that C+g<C+nb. If
x e b’, then x € (nb)’ and so x e (nbAg)'. Since C is prime, nbAg>0 and nbAge
C+g. Thus we have N=|{J a’' (0<a=g and ae C+g). Let d (d>0) be a lower
bound for {a|0<a=<g and ae C+g} [7, Lemma 3.1]. Then N=d’ and so d" is a
minimal polar.

THEOREM 4.2. Let G be a minimal l-ideal of an I-group H and let C be a proper s-
subgroup of G. Then G is characteristically simple and hence G=73, C) (A € A), where
the C\’s are conjugate subgroups of C in H.

Proof. Cis an s-subgroup of H. Let I(H) denote the inner automorphism group
of H. Then K=\/ {Co | 0 € I(H)} is a nonzero l-ideal of H contained in G. Thus
G=K=3 Co; where {0, | i € [}< I(G).

REMARK. In the above theorem, if C is a minimal /ideal of G, then since
G=C @ D, it follows that C is simple.

THEOREM 4.3. If G is characteristically simple and if G=A B B, where A and B
are nonzero and A is cardinally indecomposable, then :

(1) A is an s-simple s-subgroup of G and G=3 A, (A€ A), where the A)’s are
l-isomorphic to A.

2 If G=C @A D, then C=3 A; (6 €A) for some subset A of A. Hence C is
characteristically simple.

Proof. If 7 € A(G) is such that A N A7#0, then A=A N G=A4 N (AT @ B7r)=
(AN A7) B (4 N Br)=(A4 N A7), since 4 is cardinally indecomposable. Therefore
A is a proper s-subgroup of G and so G= 3, A, where the 4,’s are l-isomorphic to A.
By Theorem 3.14, A is s-simple.

If Cis a cardinal summand of G and if C N 4,#0, then C N A4, = A,, for other-
wise A4, (and hence A4) would be cardinally decomposable. It follows that C=> 4,
(8 e A< A). By Theorem 3.21, C is characteristically simple.

A convex [-subgroup M of an l-group G that is maximal with respect to not
containing some g € G is called a value of g and a regular subgroup of G. If M is
regular, then there is a unique convex /~subgroup M* of G that covers M. The pair
(M*, M) is called a covering pair of G. The covering pair is said to be normal if M
is a normal subgroup of M*. In this case M*/M is an archimedean o-group.
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THEOREM 4.4. Let G be a characteristically simple I-group such that each covering
pair is normal. If G has a maximal prime subgroup, then G is a subdirect product of a
direct product of subgroups of the reals.

Proof. Since the intersection of all maximal prime subgroups is characteristic,
it follows that this intersection is zero. Since G covers each maximal prime subgroup
M, M is normal in G. The map

g—>(..,M+g,..)
is an l-isomorphism of G onto a subdirect product of subgroups of the reals.

COROLLARY 4.5. Let G be a representable characteristically simple l-group. If G
contains a maximal prime subgroup or a strong unit, then G is a subdirect product of a
direct product of subgroups of the reals.

Proof. If e is a strong unit and M is a value of e, then M is a maximal prime
subgroup. Also for a representable /-group each maximal prime subgroup is
normal [6, Corollary 3.2].

An element of an /-group G that has exactly one value is said to be special. If
0<g € G has only a finite number of values, then g has a unique representation
g=g.+ - +g, where the g/’s are disjoint and special [8, Theorem 3.7]. For an
element g in G we shall denote by G(g) the convex l-subgroup of G generated by g.
Then G(g)={xe G ||x| <n|g| for some n>0}, and is called a principal convex
l-subgroup.

LeEMMA 4.6 (MCALLISTER). For an l-group G, let
F=\/{G(g)|0 < geG and g is finite valued}.

Then F is a characteristic subgroup of G and also the l-ideal of G generated by all the
special elements of G. Moreover

F=1{G(g) |0 < geG and g is finite valued}.

Proof. If 7 € A(G) and 0 < g € G is finite valued, then so is g=. Thus Fis character-
istic. Also g=g,+ --- +g,, wWhere the g;’s are disjoint and special and so G(g)=
G(g,) B - -[@ G(g,). It follows that Fis the -ideal generated by the special elements.
It is easy to verify that if 0<g, e G are finite valued, then so is g+hA. Thus
F=U G(g).

REMARK. This lemma generalizes to all g with a fixed bound on the cardinality
of its values.

THEOREM 4.7. If G is characteristically simple, contains a special element, and a
weak unit, then G is a cardinal sum of a finite number of o-isomorphic characteristically
simple o-groups and conversely.

Proof. Fis a nonzero characteristic subgroup of G. Hence F=G. If g is a weak
unit, then g € G(h) for some 0 <4 € G, where A is finite valued. Thus A is also a weak
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unit of G and so we may also assume that g is finite valued. Since we have g'=0,
it follows that g”=G. Now g=g, + - - - +g, where the g;’s are disjoint and special.
Thus G is the lex-sum of the maximal lex-subgroups g,. .., gn [10, Corollary II,
p. 100]. Therefore G=A, B - - - @ 4, where each 4, is a lex-subgroup of G, and this
is the unique decomposition of G into cardinally indecomposable summands. It
follows from Theorem 4.3 that the 4;’s are /-isomorphic s-simple s-subgroups of G.
In particular, the lex-kernel of A, is zero and so A, is a characteristically simple
o-group.

LEMMA 4.8. An l-group G is characteristically simple if and only if 0<a,be G
implies b<n(ar, + - - - +ar) for some 74, . . ., 7, € A(G) and some positive integer n.

Proof. Clearly the condition is sufficient. If G is characteristically simple, then b

must belong to the characteristic subgroup T generated by a. Now

T =V {Ga)r | re A(G)} = V {G(ar) | € 4(G)}-
Thus b=b, + - - - + b, where b, € G(at)) (i=1,2,...,k) and hence b, Z|b;| <nar,
for some n;>0. Therefore b<njar,+---+nar.<n(ar,+---+ar)+---+
nari+ - +an)=(m+ - +m)@r+ - Han)=nlar + - - - +ar).

Let I'(G) denote the partially ordered set (with respect to inclusion) of all regular
subgroups of the /-group G. Each € A(G) induces an o-automorphism on I'(G). We
shall call G finite valued if each element of G has only a finite number of values. The
next theorem shows that for a finite valued /-group G, the action of A(G) on I'(G)
determines whether or not G is characteristically simple.

THEOREM 4.9. For a finite valued l-group G, the following are equivalent:

(a) G is characteristically simple.

(b) If O0<a, b e G are special, then nar>b for some € A(G) and some positive
integer n.

(©) If A, B € I'(G), then A= B for some r € A(G).

Proof. Let A and B be the values of a and b respectively and let 4* cover 4, and
B* cover B.

(a) implies (b). By the last lemma, b<n(ar,+ - -- +ar) for some 7y,..., 7, €
A(G) and some n>0. Thus we may assume that ar, ¢ B. If ar, ¢ B*, then the value
A7, of ar, contains B* and this is the only value of ar; —b. Moreover, A7, +ar, >
Ar,=Ar,+b. If ar, € B*, then B+ mar, > B+b for some positive integer m. Thus
in either case mar, > b [8, p. 114].

(b) implies (c). If nar > b, then nar ¢ B. Thus the value A7 of ar contains B.

(c) implies (a). Let K be a proper convex /-subgroup of G. If 0 <g € G\K, then
K< M, a value of g. Let 0<k € K and let N be a value of k. Then K€ M< N7 for
some 7 € A(G) and k7 ¢ N7. Thus Kr¢ K and so K is not characteristic.

COROLLARY 4.10. An o-group G is characteristically simple if and only if, for each
A, B € T(G), there exists T € A(G) such that Ar=2B.
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5. The l-group V(A, R,). A root system is a partially ordered set A such that no
two incomparable elements have a common lower bound. A root in A is a maximal
chain. Let A be a root system and for each A € A, let R, be a subgroup of the reals.
Let I=]T@ R» (A€ A) denote the direct product of the R,’s and for v=
(..ostp...) eIl let Sy={Ae A|v,#0}. Let V(A, R)={vell|S, satisfies the
maximum condition}. For v € V(A, R)), let A,={A€ S, | v;=0 for all 8> A}. Then
A€ A, is called a maximal component of v. An element v in V(A, R,) is positive if
v, =0 for each X € A,. With this order V(A, R,) is an abelian /-group. If each R, is
the group of real numbers, then V(A, R,) is a vector lattice. These /-groups V are
important because each abelian /-group and each (real) vector lattice can be
embedded in such a V. See [14] for proofs of the above remarks.

THEOREM 5.1 (MCCLEARY). The I-group V=V(A, R)) is characteristically simple
if and only if V is a cardinal sum of a finite number of o-isomorphic characteristically
simple o-groups.

Proof. Let {c; | i€ I} be a maximal disjoint subset of ¥'*. Then \ {¢;|ie I}
exists and is a unit. Also it is clear that ¥ contains a special element and hence the
theorem follows immediately from Theorem 4.7.

REMARK. Ifeach R, equals the reals, then the structure of these characteristically
simple o-groups is described in the remarks before Corollary 5.9.

COROLLARY 5.2. V(A, R)) is s-simple if and only if it is totally ordered and
characteristically simple.

Proof. Each totally ordered cardinal summand of an /-group is an s-subgroup.

An o-automorphism of a partially ordered set A is a permutation = of A such that
both = and =~ preserve order.

The following results make it clear that the group of o-automorphisms of A plays
an important role in the structure theory of V(A, R,).

THEOREM 5.3. For the vector lattice V=V(A, R)) the following are equivalent:

(a) Each l-ideal of V is characteristic.

(b) The only o-automorphism of A is the identity and A contains only finitely
many roots.

Proof. (a) implies (b). Suppose (by way of contradiction) that A contains
infinitely many roots. Then there exists v € ¥ such that |A,| =R, and such that if
A€ A, then v,=1. Let A, be indexed by the natural numbers, say A,={A;, A,,...}.
In R,, consider the o-automorphism x — nx. This induces an /-automorphism 7 of
V such that for the principal /-ideal V(v) we have that V(vr)=V(v)r> V(v), a
contradiction. Therefore A contains only finitely many roots. Next suppose (by way
of contradiction) that = is an o-automorphism-of A such that Ar#A for some
A € A. Without loss of generality, we may suppose that Az £ A. Let v € V be such
that v, =1 and v, =0 for all 8 € A\{A}. If 7 is an J-automorphism of ¥ induced by =,
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then V(v)7+# V(v), a contradiction. Thus the only o-automorphism of A is the
identity.

(b) implies (a). Each /-ideal of Vis the join of subgroups of the form ¥(v) and so it
suffices to show that V(v)r< V'(v) for each 7€ A(V). Since O<v e V has only a
finite number of values, V(v)=V(v,) B- - -B V(v,), where each v; is special. Thus,
without loss of generality, we may suppose that v is special. Now = induces the
identity o-automorphism on A; hence vr has the same value as ». Therefore
V(@)=V(@r)=V()r.

THEOREM 5.4. For the vector lattice V=V(A, R,), the following are equivalent

(a) No nonzero principal l-ideal is characteristic.

(b) For each finite nonvoid trivially ordered subset X of A, there exists an o-
automorphism = of A such that Xn+# X.

Proof. (a) implies (b). Let X={A,, ..., A} be a trivially ordered subset of A and
definev € Vbyv,=1if A € X and v,=0 otherwise. By (a) there is an l-automorphism
7 of ¥V such that V' (v)r# V(v). Thus 7 induces an o-automorphism = of A in which
Xn#£X.

(b) implies (a). If 0<v € V has an infinite number of maximal components, then
pick a countable subset of these, say {A;, A,, ...}, and in R, consider the o-
automorphism x — nx. This induces an /-automorphism = of ¥ such that V(v)r#
V(v). Suppose that 0 <v € V has a finite number of maximal components, Ay, .. ., A,.
Then there exists an o-automorphism = of A so that {A,,..., A =w#{},, ..., A}
This induces an l-automorphism 7 of V such that V(v)r# V(v).

Let I" be a root system and let A=T'. We say that I' is an essential extension of A
if A is a dual ideal of I"' and both I" and A have the same number of roots.

LEMMA 5.5. If A is a finite root system, then there exists a finite essential extension
T of A such that the o-automorphism group A(T') of T is trivial.

Proof. We induct on the number # of roots of A. If n=1 or if A(A) is trivial, the
theorem holds. Suppose that n>1 and pick a root A; of A. Let A;={Ae A | Aisan
element of some root A;#A,}. By induction there is an essential extension I'; of A,
such that A(T';) is trivial. Adjoin A;\A, to I'; and add elements to the tail of A; until
the resulting root system has a trivial o-automorphism group.

COROLLARY 5.6. Each finite-dimensional vector lattice can be embedded in a
finite-dimensional vector lattice in which each l-ideal is characteristic.

It is not difficult to show that each totally ordered set can be embedded in one with
a trivial o-automorphism group. Hence each root system A with a finite number of
roots can be embedded in a root system I' with the same number of roots and such
that A(T") is trivial. Thus each vector lattice L with a finite basis can be embedded in
a vector lattice ¥ in which each /-ideal is characteristic and such that a basis for L
is also a basis for V.
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THEOREM 5.7. If H is the divisible hull of a characteristically simple abelian
l-group G, then H is characteristically simple.

Proof. If = is an l-automorphism of G, then there exists a unique extension of =
to an l-automorphism o of H; for if h € H, then nh € G for some positive integer n.
Define ho=(nhr)/n. A routine check shows that ¢ is an /l~automorphism of H. If
0<a, b e H, then ma, mb € G for some positive integer m. Thus by Lemma 4.8,
there exists 7,,...,7,€ A(G) and a positive integer n such that mb<
n((ma)r, + - - - + (ma)r,) =nm(as, + - - - +ao,), where o, is the extension of =; to H
described above. Therefore b<n(ao,+ - --+ao,) and so by Lemma 4.8 H is
characteristically simple.

Notation. Let A be aroot system and let V=V (A, R,) where each R, is the group
of reals. Let

2(A, R) = {ve V| S, is finite}
and

F(A, R)) = {ve V| S, is contained in a finite number of roots}.

Note that both (A, R,) and F(A, R,) are finite valued /-groups.

THEOREM 5.8. For a root system A, the following are equivalent:

(a) Z(A, R) is characteristically simple.

(b) F(A, Ry) is characteristically simple.

(¢) For o, B € A, there exists an o-automorphism = of A such that om = 8.

Proof. (a) implies (c). Let Z=X(A, R)), leto, e A,and letZ,={v € X | v,=0 for
all A=y} where y € {e, B}. Then X, and X; are regular subgroups of Z. By Theorem
4.9, there exists 7 € A(Z) such that Z,722;. Then 7 induces an o-automorphism =
of A such that am 8.

(c) implies (a). Let Z, and Z; be as above and let = be an o-automorphism of A
such that em = B. Then 7 induces an /-automorphism = of 2 such that Z,722;. Thus
by Theorem 4.9, X is characteristically simple.

The proof of the equivalence of (b) and (c) is similar to the one just given.

In an l-group G, two elements a and b in G* are called a-equivalent if a<mb and
b < na for some positive integers m and n. An l-group H is said to be an a-extension
of G if G is an [-subgroup of H and if for each h € H * there exists g € G* such that
g and h are a-equivalent. G is said to be a-closed if it does not admit a proper
a-extension. An a-closed a-extension of G is called an a-closure of G.

If G is an abelian o-group, then by Hahn’s embedding theorem (see [14] or [15])
we may assume that GS V(A, R,) where A is totally ordered and each R, is the
group of reals, and V(A, R,) is the a-closure of G. If G is a-closed, then G=V(A, R,)
and hence G is characteristically simple if and only if, given «, B € A, then amw =8 for
some o-automorphism = of A.
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COROLLARY 5.9. If an abelian o-group is characteristically simple, then so is its
a-closure.

Proof. This follows from the above and Theorem 4.9.

6. The l-group C(X). For a topological space X, let C(X) denote the vector
lattice of all continuous real-valued functions on X, with pointwise order and ad-
dition. Many authors (see, for example, [3] or [22]) have shown that an archimedean
I-group with a strong unit is -isomorphic to an /-subgroup of C(X) that contains
the constant function 1, where X is a Stone space (i.e. X is extremally disconnected,
compact, and Hausdorff). A topological space X is said to be completely regular
provided it is a Hausdorff space such that whenever 4 is a closed set and x € X\4,
there exists fe€ C(X) such that xf=1 and Af={0}. For each topological space Y
there exists a completely regular space X and a continuous map = of ¥ onto X such
that f— =f is a ring isomorphism of C(X) onto C(Y) [16, p. 41]. Thus we shall
assume throughout this section that X is completely regular.

It is shown in [16, p. 69] that each prime ring ideal of C(X) is a prime subgroup
of C(X); thus if M is a maximal ring ideal of C(X), then C(X)/M is an o-field.
One calls a topological space X real compact if whenever M is a maximal ring ideal
of C(X) and C(X)/M is o-isomorphic to the field of real numbers, then

M=C,={feCX)|xf=0}

for some x € X. An f-ring is a lattice-ordered ring in which aAb=0 and ¢=0
impliescaAb=ac Ab=0.

LEMMA 6.1. If G is an f-ring and M is a minimal prime subgroup of (G, +), then
M is a ring ideal.

Proof. Let 0<xe M and 0<g e G. Since M is a minimal prime subgroup of
(G, +), there exists 0 <a € G\M such that a A x=0. Thus aA xg=0 and so xg € M.
Similarly gx € M.

THEOREM 6.2. For a topological space X and C= C(X), the following are equivalent :
(a) If M is a maximal group l-ideal of C, then M= C,, for some x € X.
(b) X is real compact.

Proof. (a) implies (b) is trivial.

(b) implies (a). Let M be a maximal group /-ideal and let N be a minimal prime
subgroup of C contained in M. By the preceding lemma, N is a ring ideal and hence
is contained in a maximal ring ideal J of C. Thus NcJ< M. If J# M, then C/J is
a nonarchimedean o-field with a maximal convex o-subgroup M/J, but this is
impossible.

In [16] the following results are proven:

(a) Each compact space is real compact (p. 71).

(b) Each metrizable space of nonmeasurable cardinals is real compact (p. 232).
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(c) A discrete space is real compact if and only if its cardinal number is non-
measurable (p. 163).

(d) Each Lindelof space is real compact (p. 115).

(e) Each subspace of a Euclidean space is real compact (p. 115).

THEOREM 6.3. If the topological space X is real compact and C=C(X), then
A(C) is a splitting extension of the group P(C) of polar preserving l-automorphisms of
C by the group H of ring l-automorphisms of C.

Proof. Let 4=A4(C) and P=P(C). It is shown in [12] that the group P is
{r € A | there exists g € C with xg>0 for all x € X and fr=fg for all fe C}. Each
ring automorphism is an /-automorphism [16, p. 13] and H={r € 4 | there exists a
homeomorphism = of X such that fr=af for all fe C}.

If 7 € 4, then 7 induces a permutation of the set .# of maximal group /-ideals of
C. Each maximal group /-ideal is of the form C, for some x € X. Define w: X — X
by xm =y, where C,7=C,. Then = is a permutation of X. We wish to show that =
is continuous. Suppose (by way of contradiction) that there exists a net {x, | A€ A}
such that x, — x and such that x,n lies outside of a given e-neighborhood of x= for
each A€ A. Pick fr € C such that (x,7)fr=0 for all X e A, but (xm)fr#0. Observe
that for y € X and 4 € C, the following are equivalent:

(i) yh=0.

(i) he C,.

(iii) hr € Cyr=Cy,.

@iv) (ym)hr=0.

Thus we have that x, f=0 for all A, but xf#0. This contradicts the assumption that
f'is continuous. Therefore = is a homeomorphism.

Define o from C into C by (x)fo=(xm)f for all x€ X and all fe C. Then o € H
and hence 7o € 4. Using the conditions (i) through (iv) above, it is easily shown that
70=p € P. Therefore r=po~! € PH.

Clearly P N H is the identity subgroup. Let 7 € P where  is given by fr=/fg for
some ge C and o€ H where ¢ is given by fo=uf. Then for fe C and x€ X,
xforo~t=(xm"1) for=(xm"1)fo(xn~')g =(xf)(xgo~?). Since xgo~1>0 for all x € X,
oro~* € P. Hence P is a normal subgroup of 4 and so A is a splitting extension of
P by H.

For fe C(X) let K; be the closure of the support of £, let C*(X)={fe C(X) | fis
bounded}, and let Cx(X)={fe C(X) | K; is compact}.

COROLLARY 6.4. If X is real compact, then Cx(X) is a characteristic subgroup of
C(X).

Proof. The following properties of Cx(X) are proven in [16]:

(a) Cg(X) is an ideal in C(X) (and C*(X)) (p. 61).

(b) For any topological space X, Cx(X) is the intersection of all free ideals in
C(X) or C*(X) (p. 109). If X is real compact then Cx(X) is the intersection of all
free maximal ideals of C(X) (p. 123).
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We first show that Cx(X) is an /ideal of C(X) for any topological space X. If
g € Cx(X), then K, is a closed subset of the compact set K, and hence compact.
Thus gv 0 e Cy(X). If he C(X) is such that 0 <h<g e Cg(X), then again K is
compact and so 4 € Cx(X).

Now if X is real compact, then by the theorem, 4 =PH and clearly Cx(X) is
mapped to itself under the action of elements from both P and H.

THEOREM 6.5. If X is real compact and the group of homeomorphisms of X acts
transitively on X, then Cx(X) is the minimal characteristic subgroup of C(X).

Proof. Let 0<ge C(X), O0<he Cyg(X), let x€ X be such that xg>0, and let
y € K,,. Then there exists a homeomorphism 7 of X such that yr=x. Now =
induces an /-automorphism 7 of C(X) and ygr=(ym)g=xg>0. It follows by the
compactness of K}, that there exists 74, . . ., 7, € A(C(X))suchthatf=gr, +--- +g7,
and zf>0 for all z € K,. Thus a suitable multiple of fexceeds A, and so Cx(X) is the
minimal characteristic subgroup of C(X).

COROLLARY 6.6. If X is the set of real numbers, then Cx(X)={f¢e C(X) | there
exists x,y € X with x<y and zf=0 if ze X\(x, y)} is the minimal characteristic
subgroup of C(X).

COROLLARY 6.7. If X is discrete with nonmeasurable cardinality, then 3 R,
(x € X), where R, is the reals for each x € X, is the minimal characteristic subgroup of
C(X)=TI1R.(xe X).

COROLLARY 6.8. If X is the unit circle, then Cx(X)=C(X). Hence C(X) is
characteristically simple.

COROLLARY 6.9. If X is compact and the group of homeomorphisms acts trans-
itively on X, then C(X) is characteristically simple.

COROLLARY 6.10. Suppose that X is a Stone space such that the group of homeo-
morphisms acts transitively on X. Then C(X) is a complete characteristically simple
vector lattice. :

As a corollary to the proof of the theorem we have

COROLLARY 6.11. If C=CI0, 1] and if K={g € C | there exists x, y € (0, 1) with
x <y such that zg=0 if z € [0, 1)\(x, y)}, then K is the minimal characteristic subgroup
of C.

Using [1, Theorem 11 and Theorem 12], one can construct uncountably many
totally ordered compact spaces where each pair of closed intervals are o-isomorphic.
If the endpoints of such a space are identified, one obtains a compact space X with
a transitive group of homeomorphisms. Thus C(X) will be characteristically simple.
Note that Corollary 6.8 is a special case of this, where we start with [0, 1].
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THEOREM 6.12. If X is compact, then C(X) is characteristically simple if and only
if, for each 0<fe C(X) and x € X, there exists y in the support of f and a homeo-
morphism = of X such that xm=y.

Proof. Suppose that C= C(X) is characteristically simple and let 0 <f'e C. Then
the characteristic subgroup K generated by f'is \/ C(f)r=YV C(fr) (v € A(C)). If
there exists x € X such that xfr=0 for all + € A(C), then clearly K# C. Thus given
x € X there exists 7 € A(C) such that xfr>0. Now, without loss of generality, = is
induced by a homeomorphism = of X and so xm=y for some y in the support of f.

Conversely suppose that 0 <f belongs to a characteristic subgroup K of C. For
x € X there exists y € X and a homeomorphism = of X such that yf>0 and xm=y.
Without loss of generality yf> 1 and hence there exists an /-automorphism 7 of C
such that f7 > 1 in some neighborhood of x. By the compactness, it follows that the
constant function 1 is in K and so K=C.

THEOREM 6.13. Suppose that G is an I-subgroup of C(X) containing 1, where X
is a Stone space. Then G is characteristically simple if and only if for each 0<ge G
and x € X there exists an l-automorphism t of G such that xgr>0.

Proof. If G is characteristically simple and if 0 < g € G and x € X, then by Lemma
4.8, 1 <n(gri+--- +gr,) where 7, ..., 7, € A(G) and n is a positive integer. Thus
xg7;>0 for some i.

Conversely let 0<g e G and for each x € X choose 7, € A(G) and a positive
integer n, such that n,(x)r,> 1. Let T, ={y € X | n,(y)g7.> 1}. Then the T,’s form
an open cover for X and hence there is a finite subcover. Therefore 1 <n, gr., +
vt Ny 8T <M(gTx + - - +gTy) Where m=max{n,,...,n,}. Thus the
characteristic subgroup of G generated by g contains 1 and hence must be G.

We note that in the preceding theorem, we use only the fact that X is compact.
Now let D(X) denote the ring of almost finite real-valued continuous functions on
the Stone space X, and let P be the group of polar preserving /-automorphisms of
D(X) and H the group of ring /-automorphisms of D(X).

THEOREM 6.14. If X is a Stone space, then A(D(X)) is a splitting extension of P
by H.

Proof. Let D=D(X), A=A(D(X)) and for x€ X, D,={fe D | xf=0}. Let
7 € A and f=17. We shall show that f'has a multiplicative inverse. Suppose (by way
of contradiction) that the support S; of fis a proper subset of X. Then X\S, is
clopen and hence the characteristic function g on X\ S, belongs to D, and fA g=0.
Thus 0=1Ag7~!, a contradiction. Define xg=1/xf for all x € X. Then g is the
inverse of f.

Define o from D into D by ho=hf~* for all he D. Then o € P and lro=1. We
now show that r¢ induces a homeomorphism = of X. Let x € X and D,ro= M.
Then M is a value of 1. If M< D, for some y € X, then M=D, since 1 ¢ D,. If



362 R. D. BYRD, PAUL CONRAD AND J. T. LLOYD [August

M& D, for all y e X, then, by the compactness of X, it follows that 1€ M, a
contradiction. Thus D,7o= D, and we define xm=y. Clearly = is a homeomorphism
of X. (The argument is the same as that given in the proof of Theorem 6.3.) Define
p by hp==h. Then p € H. Note that the following are equivalent:

(1) xh=0.

(2) he D,.

(3) hro € D,,.

(4) 0=(xm)hro=xhpro.
Therefore pro is a polar preserving /-automorphism of D that maps 1 onto 1 and
hence it is the identity. Thus 7=p~'¢~! € PH. As in Theorem 6.3, H N P is the
identity subgroup and P is normal in 4.

THEOREM 6.15. If X is a Stone space that satisfies the condition given in Theorem
6.12, then D(X) is a characteristically simple, complete, laterally complete vector
lattice.

Proof. By the proof of Theorem 6.12, the constant function 1 is in any character-
istic subgroup K of D(X). Consider 0 <d € D(X)and letg=1vd. Thenf— fgisan
l-automorphism of the /l-group D(X) which maps 1 onto g. Thus g € K and hence
d € K. Therefore K= D(X).

7. Self-injective /-groups. The category of all /-groups where the subobjects are
l-subgroups contains no injectives (see [19]), but as we shall show it does contain
self-injectives.

An [-group G is said to be self-injective if each I-homomorphism of an /ideal L of
G can be extended to an l-endomorphism of G. An l-ideal L of G is said to be large
in G if whenever J is an l-ideal of G such that J N L=0, then J=0.

The proofs of the next three propositions are entirely similar to the corresponding
proofs for modules and so we omit them.

7.1. If G is self-injective and G=A H B, then A is self-injective.

7.2. If L is an l-ideal of a self-injective l-group G and L is isomorphic to G, then
G=LHEL'

7.3. If G is self-injective and L is an l-ideal that is not large in any I-subgroup of G
except itself, then G=L @ L'.

An [-group G is said to be hyper-archimedean if each I-homomorphic image of G
is archimedean. It is fairly well known that the following assertions are equivalent
(see, for example, [2] or [4]):

(i) G is hyper-archimedean.
(ii) The collection of regular subgroups of G is trivially ordered.

(iii) G=G(g) @ g’ for each 0<g e G.

(iv) If 0<f, g € G, then there exists a positive integer n such that

fAng=fA(n+lg.
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(v) Gisl-isomorphic to an /-group H<[] R, (A € A) where each R, is the group
of real numbers, and such that if 0 < x, y € H, then there exists a positive integer n
such that nx, >y, for all A € A with x, #0.

THEOREM 7.4. For a vector lattice G, the following are equivalent:
(a) G is self-injective and contains a maximal I-ideal M.

(b) G is self-injective and hyper-archimedean.

(c) G is self-injective and archimedean.

(d) G is l-isomorphic to 3 R, where each R, is the group of reals.

Proof. Clearly (b) implies (a) and (b) implies (c).

(a) implies (b). If G is not hyper-archimedean, then there exists a regular subgroup
G, such that G, = G*< G where G“ is the [-ideal that covers G,. If0<a € G*\G,, then
G*=G, @ Ra, where R denotes the real numbers. The projection of G* onto Ra is
an -homomorphism. Now pick 0 <g € G\M and 0 <b € G\G®. Then there exists an
l-homomorphism = of G* onto Rg such that ar=g. Let o be an extension of = to an
l-endomorphism of G. Then G,< Ker (¢). For each positive integer n, G, +na<
G,+b, and so ng=nao<bs. Therefore M<n(M+g)<M+b for all n, but this
contradicts the fact that G/M is an archimedean o-group.

(c) implies (b). Again, if G is not hyper-archimedean, then there exists a regular
subgroup G, such that G,=G*<G. If 0<be€ G*\G,, then G*=G, @ Rb and the
projection 7 of G* onto Rb is an I-homomorphism. Extend = to an /~endomorphism
o of G. If 0<a¢ G? then G,+nb<G,+a and so nb=nba<as for all positive
integers n, a contradiction.

(d) implies (c). This follows from the fact that each /-ideal of G is a cardinal
summand.

(b) implies (d). It suffices to prove that G has property (F) (see §8) or equivalently,
that G(g) has a finite basis for each 0 <g € G. Suppose (by way of contradiction)
that {g; | i=1, 2, ...} is an infinite disjoint subset of G(g). Since 0<g,Ag=<g for
each i, we may assume that g=g; for each i. Moreover, we may multiply each g;
by a suitable real number to obtain g;<g and 2g;£g for each i. If x> G(g)
(i=1,2,...), then x=x;+x,+---, where x; € G(g;) (i=1,2,...) and all but a
finite number of the x;’s are zero. For each i, the map y — iy is an l-automorphism
of G(g;) and this induces an /-automorphism = of > G(g;). = can be extended to an
l-endomorphism o of G. Note we may assume that GE] ] R, (A € A) and that there
exists a positive integer m such that mg, >(go), for all A such that g, >0, where
g=(...,80...). Now (g),>0 implies g, =(g),»>0 and so mg,>(go)r=(g0)r=
(ig:)a. Therefore we have that mg > ig; for a fixed integer m and for all i. In particular,
mg >2mg,,, which implies that g >2g,,, a contradiction.

REMARK. A vector lattice G that satisfies (d) of the theorem is characteristically
simple. We also note that a completely reducible /-group is self-injective. We have
not been able to characterize nonarchimedean self-injective vector lattices. An
example of one that is totally ordered is given in §9.
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For the remainder of this section, we shall suppose that G is an /-group such that
G is l-isomorphic to G(g) for each 0 <g € G. We state the following properties, the
proofs of which are straightforward.

7.5. If G is archimedean and has a strong unit, then it is /-isomorphic to a sub-
direct sum of reals. (The above hypothesis is not needed for this.)

7.6. If there exists 0 <g € G that is finite valued, then G is an o-group.

7.7. If G has a nonunit, then G is cardinally decomposable.

THEOREM 7.8. If G is a hyper-archimedean I-group such that G is l-isomorphic to
G(g) for each 0< g € G, then G is characteristically simple.

Proof. Let 0<a,be G. Nowa=aAb+a, and b=aAb+b,, where a, Ab,=0.

Case 1. a, #0+#b,. Then G(a,) is l-isomorphic to G(b,) and G =G(a;) B G(b,) B
D for some l-ideal D of G. There exists an /-automorphism 7 of G that interchanges
G(a,) and G(b,). Since a A b € G(a) and G(a,)< G(a), we have that

b=a A b+by € G(a)+G(a,)r = G(a)+G(a)T.

Case 2. b, =0. Then b=<a and hence b € G(a).

Case 3. a;=0. Then a<b and hence G(a)<G(b). Therefore G=G(b) @ b' =
G(a) B D @ b’ for some [-ideal D of G. Thus b=x+y € G(a) @ D. If y=0, then
b=x¢e G(a). If y#0, then y>0 and hence G=G(a) @ G(y) @ b’. There is an
l-automorphism = of G interchanging G(a) and G(y). Therefore b € G(a) EH G(¥)=
G(a) @ G(a)r. Thus G is the characteristic subgroup generated by a and so G is
characteristically simple.

8. Embedding in characteristically simple /~groups. In this section we prove that
any /-group can be embedded in an algebraically simple /-group. In addition we
prove that a representable (abelian) /-group can be embedded in a characteristically
simple representable (abelian) /-group.

THEOREM 8.1. Each I-group can be embedded as an I-subgroup of an algebraically
simple l-group.

Proof. By [21] we may assume that G is an /-subgroup of Z(F), where Z(F) is
the l-group of all o-permutations of a totally ordered field F. Thus it suffices to
embed Z(F) in an algebraically simple group. Without loss of generality, F
contains the rational field. Now 2(F) is doubly transitive on F for if ¢ <d € F then
the map y — (d—c)y+c maps 0 onto ¢ and 1 onto d.

Let M be the field of power series in x with coefficients in F, lex-ordered so that

ek xlxxTlklxkxg X2,

Let U*={m € M | m exceeds each positive integer} and let = be a one-to-one map
of U* onto a set U such that U N M= &. Now = induces a total order on U and we
shall consider M U U as a totally ordered set where M < U.
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Next we shall show that any two closed intervals of M U U are isomorphic. It
suffices to show that [a, b] is o-isomorphic to [c,d] where a,be M, a<b and
¢, de MU U, c<d. This is clear if ¢, d € M or if ¢, d € U. Suppose that ¢ € M and
de U and let U* be as above. Let b;>b,>--->b,>--- be an inversely well-
ordered coinitial sequence in U*. Then n<b, for all integers n and all «; and if
n<y for all integers n, then b, <y for some b,. Thus b,m <d and ¢ < x" for some b,
and some positive integer n. Since any two intervals of M are o-isomorphic, there
exists an o-isomorphism f of [c, x*, x**1,...) onto [I,2,3,...) and an o-iso-
morphismgof (.. ., b,y 1m, bym,dlonto (..., byy o, bey1, bel. Since [c, x™, x*+1, .. .)
U(...,bgpym bm,dl=[c,d] and [1,2,3,...)U(...,bu42 buy1, be]=I1, b,],
fand g induce an o-isomorphism of [¢, d] onto [1, b,]. Since [1, b,] is contained in
M, [1, b,] is o-isomorphic to [a, b]. Therefore [c, d] is o-isomorphic to [a, b].

Next we repeat a similar construction on the lower end of M U U and get a
totally ordered set N=L U M U U where L< M < U and any two closed intervals
of N are o-isomorphic.

Each o-permutation of F can be extended to an o-permutation of M, and by
[21], Z(F) is l-isomorphic to an /-subgroup of Z(M). #(M) can be considered as
an l-subgroup of the l-group #(N) of all o-permutations of N having bounded
support (that is, all o-permutations that are the identity outside of some bounded
interval). By [17], #(N) is algebraically simple. This completes the proof of the
theorem.

An [-group G satisfies property (F) if each element in G* exceeds at most a
finite number of disjoint elements. In the next two theorems we use the fact that a
minimal prime subgroup of a representable /-group is an /-ideal [6, Theorem 3.1].

THEOREM 8.2. If G is a representable (abelian) I-group that satisfies property (F),
then G is l-isomorphic to an l-subgroup of a representable (abelian) Il-group that
satisfies property (F) and is characteristically simple.

Proof. Let {s, | A€ A} be a basis for G. For each A€ A, let M, be a minimal
prime subgroup of G such that s, ¢ M,. We may assume that GS Y G, (A€ A),
where G,=G/M, for each A € A. Note that each G, is an o-group. Define a total
order on A and use this to lexicographically order > P G, (A € A). Denote this
o-group by K. For each integer 7, let K;= K and use the natural order of the integers
Z to lexicographically order > P K; (i€ Z) and call this o-group L. For each
Ae A, let Hy=L and let H=3 H, (A€ A). Then H is characteristically simple and
G is l-isomorphic to an /-subgroup of H.

THEOREM 8.3. Each representable (abelian) Il-group G is l-isomorphic to an
l-subgroup of a representable (abelian) characteristically simple I-group.

Proof. Let {M, | 8 € A} be the collection of minimal prime subgroups of G. If
A is finite, then Theorem 8.2 applies. Hence we assume that A is infinite.
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Let 2={A, | 6 € A} be a partition of A such that | 4,| =|A| for each 8 € A, and let
Z denote the set of integers. We define a partial order on A x Z by setting (8, m) <
(8., n) if and only if 8,,=6, and m=n or m<n and there exists 8,,,1,...,8,_; €A
such that 8,€ 4, ,,, 8ns1€A4s,, 0 ---»0n-1€4,,. For keZ, we will call
{(5, k) | 8 € A} the kth level of AxZ. By definition, distinct elements on the kth
level are incomparable.

Let (8,,, m), (8,, n), and (§,, p) be elements of AxZ such that (8, m)<(5,, n)
and (8,, m)<(8,, p) and suppose that n<p. Then there exists 8,,1,..., 8,_1,
An+1s--»Ap-1 €A such that 8,€4, ., Sni1€4,,,5...,0,_1€4, and
A€ An,pys- s Ap-1 € A,,. Since 2 is a partition, we have that 8,,,=2A,,1,
Sme2=Anta - -.» On=A, Therefore (8,, n) £(8,, p) and it follows that AxZ is a
root system.

For (8, k) € A x Z, we define the cone beneath (8, k) to be {(A, m) | (A, m) £(8, k)}
and denote this set by (8, k),. It is readily verified for (y, ), (8, k) e Ax Z that
(¥, J)« is o-isomorphic to (8, k),.

Let Tbe arootin A x Z. Then T={(8,, k) | k € Z} for some subset {5, | k € Z} of
A. Let A= (8, k)4 (k € Z). We assert that the group A(A) of o-automorphisms
of A acts irreducibly on A, i.e., given (y, j) and (A, /) € A, there exists = € A(A) such
that (y, j)m= (A, ). It suffices to show that given (y,j) € A and (8, k) € T where
(v, J) < (8, k), there exists 7 € A(A) such that (y, j)m=(8, k). To do this it will
suffice to find = € A(A) such that (A, k— 1)m=(8,, k) where (A, k—1) is the unique
element in the (k — 1)th level between (y, j) and (8, k). Since there exists p € A(A)
such that (A, k—1)p=(8,_1, k—1), we may further suppose that (A, k—1)=
(8x-1, k—1). Let m,_, be an o-isomorphism mapping (8, _;, k— 1), onto (8, k).
We will construct an o-isomorphism =, of (8, k), onto (8., k+1), with the
property that m|(8;_,, k— 1)y =m,_,. Let v be a one-to-one mapping of 4, onto
Ay, ., such that 8, _,v=3,. If y € 4,,\{8_1} let =, be an o-isomorphism of (y, k — 1),
onto (yv, k)4 and let w, =m,_;. Let

me = (U {my | v € 453) U (ks k), (81, K+ D)}
Clearly =, has the required properties. By induction we obtain a chain of functions
-1 gﬂkg"’g 7Tk+‘§"‘

such that =, is an o-isomorphism of (8., k+i), onto (8;,,1, k +i+1), and
such that

‘"’k+tl(8k+t-1, k+i"'1)* = Tk+i-1 (i =0,12,.. )

Then n=\Jm; (j=k—1,k,k+1,...) is the required function. Define a total
order on the set A and let H be the direct sum of the o-groups G/M; (8 € A). For
h € H, we define h>0 if h;>0 where 8 is the largest element in the support of A.
Then H is an o-group. For each A€ A, let H,=H. Then V(A, H,) is an /-group
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[14], and clearly this group is representable. Let

L = {ve V(A, H,) | there exists §,, ..., 8, €A and
ki, ..., kneZsuchthat S, < U (4, x{ki—1}}.

Then L is an /-subgroup of V(A, H,). Let J be the /-subgroup of L consisting of
those elements whose support is contained in 4, x{0}. Then J is [-isomorphic to
[T Hs (8 €A)since |4;,|=]|A|. If 8 € A, let 7,5 be the injection of G/ M, into H;. For
(ousXsy...)ETTGIM,;, let (...,X5...)7=(..., Xs7s5...). Then = is an I-
isomorphism of [ ] G/M; into [ ] H,. Since G is /-isomorphic to an /~subgroup of
T'1 G/M;, we have an l-isomorphism of G into L. Since any element of A(A) induces
an J-automorphism of L and A(A) acts irreducibly on A, we have that L is
characteristically simple. Finally, if G is abelian, then so is L.

9. Examples and open questions.

EXAMPLE 9.1. A nonarchimedean o-group G such that

(1) G is s-simple but not simple.

(2) G is self-injective.

Let G=V(A, R,) where A is the set of integers with the natural order and R, is
the group of real numbers for each A € A. Clearly G is characteristically simple and,
for o-groups, this is equivalent to being s-simple.

To prove that G is self-injective, we need only to consider the case where L is a
proper l-ideal of G and ¢ is a nonzero -homomorphism of L into G. Since L is a
proper l-ideal of G, L=G(g) for some 0 <g € G. Let n be the maximal component
of g in A. Each a e G has a unique representation of the form a=b+c where
b;=a,fori<nand b;=0fori>n, c;=a,fori>nand ¢;=0fori<n. Thenb e L. Let
m be the maximal component of gp in A. Define a=bp+ cp, where (cp);=0 for
i<m and (cp)i=cCpyi-m for i>m. A straightforward computation shows that i is
an l-endomorphism of G.

Note that the root system A of this example satisfies condition (¢) of Theorem 5.8.

EXAMPLE 9.2. An example of an I-group G such that

(1) G is hyper-archimedean and G is l-isomorphic to G(g) for each 0<g e G.

(2) G is s-simple and cardinally decomposable, but not completely reducible.

(3) G is l-isomorphic to each nonzero cardinal summand.

Let A be the trivially ordered set of positive integers and let G consist of all those
functions v in V (A, R,) (R, =reals) which satisfy v; is an integer for each i € A and
there exists a positive integer n=n(v) such that v;=v,,, for all i € A. It is easy to
show that G is an /-group and G=G(g) @ g’ for each 0<g € G. Thus G is hyper-
archimedean. Since the support of each 0 <g € G is infinite, it follows that G is
l-isomorphic to G(g) for each 0<g € G. Since G has a strong unit, each cardinal
summand has a strong unit and so each cardinal summand is isomorphic to G.

Since G is not an o-group, there exists 0<a, b € G such that aAb=0. Thus
G(a+b)=G(a) H G(b). G is lisomorphic to G(a+b) and therefore cardinally
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decomposable. This argument is valid for any J-group H such that H is isomorphic
to H(h) for each 0<h € H and H is not an o-group.

Let C be a proper l-ideal of G. Then C does not contain a strong unit of G. There
exists 0<a e C and 0<b € G\C such that aAb=0 and a+b is a strong unit. Thus
G=G(a+b)=G(a) @ G(b). a=a,+a, and b=b, +b, where 0<ay, a,, b,, b, €G,
a, Na,=0, b, Aby=0. Since b ¢ C we may suppose (without loss of generality) that
C N G(b)#G(by). Now G=G(a;,) B G(a;) B G(b,) B G(b;), and G(a,) is [-
isomorphic to G(b;). Any l-isomorphism between G(a;) and G(b;) induces an
l-isomorphism 7 of G such that 0# C N Cr#C. Thus G is s-simple.

No regular subgroup of G is a cardinal summand and so G is not completely
reducible.

EXAMPLE 9.3. An example of a characteristically simple vector lattice that contains
a special element but is not finite valued (see Theorem 4.7).

First we construct a root system A from the root systems A; and A, given below.

Let A, be the root system

and let A, be the root system

1222

To each y, attach a copy of A, where we identify the point y; and 1. Let A be the
resulting root system.
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Note that for each « in A, the set {A € A | A< «} is o-isomorphic to A,. Moreover,
if @, B € A, then there exists an o-automorphism = of A such that B<em. Let F be
the l-ideal of V' (A, R,) that is defined in Lemma 4.6, where R, is the group of real
numbers for each A € A. Then F has a special element and an element that has an
infinite number of values (in fact, infinitely many of both types). To show that F is
characteristically simple, it suffices to show that if 0 <a, b € F are special, then there
exists o € A(F) such that aoc>b. Each of a and b has exactly one maximal com-
ponent in A, say « and B respectively. There exists an o-automorphism = of A such
that a7 > 8 and = induces an /-automorphism 7 of V' (A, R,). If o=7|F, then ao>b.

EXAMPLE 9.4. An example of a characteristically simple I-group with a strong unit
that is not archimedean.

Let Z(R) denote the I-group of o-permutations of the naturally ordered set of
real numbers. Let f € #(R) be defined by xf=x+1and let G={g € Z(R) | gf=/g}.
It is known that G is a nonarchimedean simple /-group and f'is a strong unit in G.

EXAMPLE 9.5. An example of an l-group in which no principal convex I-subgroup is
characteristic but which has proper characteristic subgroups.

For each natural number n, let R, denote the additive group of reals and let
G=]T R,. Then no principal convex /-subgroup is characteristic, but > R, is a
characteristic subgroup of G.

EXAMPLE 9.6. Examples of characteristic subgroups of an I-group G.

(a) The radical, ideal radical, and distributive radical of G (see [7]).

(b) The lex-kernel (i.e., the join of all minimal prime subgroups) of G.

(c) The subgroup generated by the singular elements of G (s € G is singular if
s>0and if 0Sa<s, a € G implies that a A (s—a)=0).

(d) If S(G) is a normal subgroup of A(G), then the &-socle is characteristic.

(e) The [-ideal F of Lemma 4.6.

(f) The subgroup generated by the convex o-subgroups of G.

(g) The intersection of the maximal /-ideals or maximal convex /~subgroups of G.

(h) The convex l-subgroup generated by a characteristic subgroup of the group G.

(i) If A is an infinite cardinal and if X is the collection of all g € G* such that the
cardinality of any disjoint subset of G bounded by g is less than 4, then [X] is
characteristic.

EXAMPLE 9.7. Examples of characteristically simple I-groups.

(a) The periodic sequences of real numbers.

(b) For each natural number »n, let Q, denote the additive group of rationals.
Then G=]T] Q./2 Q. is characteristically simple; in fact 4(G) acts transitively on
the collection of nonunits of G.

(c) C(X) where X is compact with a transitive group of homeomorphisms.

(d) If A is a root system with property (c) of Theorem 5.8, then Z(A, R,) and
F(A, R,) are characteristically simple.

(e) If C is a maximal characteristic subgroup of G, then G/C is characteristically
simple.
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(f) (Bleier) A free abelian /-group of finite rank.
(g) The l-group #(N) of all o-permutations of a totally ordered set N having
bounded support, where the o-permutation group of N acts irreducibly on N [17].
9.8. Let % 7, %, ¥, and # denote the classes of simple, s-simple, characteristic-
ally simple, completely reducible, and completely s-reducible /-groups respectively.
We have noted in 3.8 that <9 <%, in 3.11 that ¥’ =¥, and it is clear that
& =¥ The l-group of Example 9.1 belongs to 7 but not ¥~ Let Q and R denote the
additive groups of rationals and reals respectively. Then Q F R belongs to ¥~ and
not %. R B R belongs to N ¥" and not J.
We conclude by asking the following questions.
1. If G is an abelian I-group and if H is its divisible hull, then is G self-injective if
and only if H is self-injective?
II. Does Theorem 7.4 hold for abelian l-groups as well as vector lattices?
1II. What can be said of s-simple l-groups?
IV. If G=A @ B is characteristically simple, then is A characteristically simple?
V. If G is an archimedean l-group, can G be embedded in a characteristically
simple archimedean I-group?
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